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Introduction

1. Introduction

Let X be a complex projective surface, with geometric genus

pe = dim H°(Kx). We usually restrict to pg > 0, that is,

b1(X) > 1. Let k € K (X) be a topological K-theory class on X.
We often write k = (r, a, k) for r = rank k, a = c1(k) € H*(X,Z)
and k = cha(k) € %Z with [, a? + 2k € 27, and usually restrict to
r > 0. Choose a Kahler class w on X. Then we can define Gieseker
(semi)stability T of coherent sheaves on X using w, and can form
moduli stacks M5'(7) C M5(7) of 7-(semi)stable coherent
sheaves on X with class x. Here M5'(7) has a Behrend—Fantechi
obstruction theory (which is reduced if p; > 0) and M;¥(7) has a
projective coarse moduli scheme. Thus, if M5 (1) = M3(7) (if
there are no strictly 7-semistable sheaves in class ) then M3(7)
is proper with a B—F obstruction theory, and so has a virtual class
[ME3(T)]virt in Ho(M3P(7),Z). In nice cases (e.g. Hilbert schemes)
ME(7) is smooth and [MP(7)]viet = [M5(7)]funda is the
fundamental class of M;’(7) as a compact complex manifold.
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We can construct many universal cohomology classes Sji on

M (1) — in the case when M3(7) is a fine moduli space, by
Sjwr = chy(U)\ejx for U — X x M3(7) the universal sheaf and e
a basis element for Hi(X,Q). Then we can form enumerative
invariants lp = sy . P(Sjk) for any polynomial P(S;) in
these universal cflg\s/(snegagi%og(er{eo)us of the correct dimer(15ijon).
There is a huge literature by many authors studying invariants of
this kind for particular s (e.g. rank r = 2) and P(Sjy). They
include Donaldson invariants of the underlying oriented 4-manifold
X, K-theoretic Donaldson invariants, Vafa—Witten invariants
(instanton branch), Segre integrals, Verlinde integrals, virtual Euler
characteristics and x,-genera of M3’(7), and so on. Often people
show that these invariants /p can be encoded in generating
functions of a nice form. There are also many open conjectures like
this by Gottsche, Kool and others. In fact, for rank r > 1 and
c1(X) # 0 there are lots of conjectures and few theorems.
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I will report on a project which in some sense determines all
possible invariants Ip = f[MSi(T)]virt P(Sjxi), as it determines the
virtual classes [M(7)]virt. We give an expression for [M3(7)]virt
in terms of non-explicit universal functions in infinitely many
variables rfy, ri, 2, ..., vi, va, ..., depending on the rank r of k,
with coefficients in a number field F, C C. This proves at least the
structural part of many conjectures in the literature (i.e. it gives
the shape and symmetries of the invariants’ generating function,
but may not determine the particular power series appearing in it).
This is an application of my Monster Wall Crossing Formula paper
arXiv:2111.04694 (302 pages), which defined enumerative
invariants in very general settings and proved they satisfy a WCF.
My current document on invariants of surfaces is 355 pages, not
yet finished, and horribly complex. Today | am going to try to
explain just the statement of the main theorem in the case p; > 0.
| may not have time to talk about the proof.
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Set up of the problem

2. Set up of the problem

For reasons explained in a moment, we work with moduli stacks of
objects in the derived category D coh(X), rather than objects in
coh(X). Write M for the moduli stack of objects in D? coh(X), a
higher C-stack. It has a splitting M = Hmng’op(X) M, with M,

the substack of E® with class [E®] = k. There is a morphism

®: M x M — M acting by ([E®],[F°*]) — [E® @ F*] on C-points.
Now G, acts on objects E® in D coh(X) with A € G, acting as
Aidge : E®* — E®. This induces an action ¥ : [x/Gp] x M — M
of the group stack [*/G,] on M. We write MP! = M /[/G ] for
the quotient, called the ‘projective linear’ moduli stack. It has a
splitting MP! = HKGKSOP(X) ME with ME = M, /[+/G ). There

is a morphism M — MP! which is a [*/G p]-fibration on M \ {[0]}.
We consider 7-(semi)stable moduli stacks M5'(7) € M(7) to be
open substacks of MP!. This is because 7-stable sheaves E have
Aut(E) = G, so quotienting by G, gives M3(7) trivial isotropy
groups, that is, M3'(7) is actually a C-scheme, not an Artin stack.
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Theorem 2.1 (Simons PhD student Jacob Gross arXiv:1907.03269)

Let X be a connected complex projective surface. Write M for the
moduli stack of objects in D? coh(X) and K2, (X) for the

sst
semi-topological K-theory of X (equal to
Image(K%(coh(X)) — KL, (X)) for X a surface). Then

top

M = [T.eks, (x) Mr with M,; connected, and
H. (M, Q) = Sym” (H(X, Q) &g t*Q[t*])2q

N (HY(X, Q) ®q tQ[t?)). (2.1)
A similar equation holds for cohomology H*(M,, Q).

This says we can describe H,(M) completely explicitly. It is why
we take M to be the moduli stack of objects in D? coh(X): we do
not have an explicit description of the homology of the moduli
stack of objects in coh(X).
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Definition
Let X, M, M, be as in Theorem 2.1, and write U, — X x M, for
the universal complex. Write b = b*(X) for k =0,...,4, and
choose bases (ejk)j?il for Hk(X, Q) with e;p =1 and ej4 = [X].
Write (ﬁjk)j?il for the dual basis for H¥(X,Q). For | > k/2 define
Si € H?'=k(M,,) by Sjki = chy(Ur)\ejk. Regard Sj as of degree
2/ — k, and as an even (odd) variable if k is even (odd). Then
Theorem 2.1 shows H*(M,) is the graded polynomial superalgebra
H* (M) =2 Q[Sjr - 0 < k <2m, 1 <j< b I>k/2.  (2.2)
We also give a dual description of homology H.(M,) by
H (M,) = " @ Q[spy : 0<k<2m, 1< <bX, I>k/2], (2.3)
where e” is a formal symbol to remember , and

, .
i kl el H mjk/!, mjk/:mjk, a“j,k, /,

(T i) - (e W) = o+

.j7

0, otherwise.
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This pairing has the property that if ® : M x M — M maps
([E°],[F°]) = [E® @ F*] then

Ho(®)(e"P(sjt) B e Q(sjur)) = €™ P(s1) Qi)

for polynomials P, Q. Also — N Sj acts as %.
J
It will be convenient to restrict to sheaves of positive rank. Write

Mo = HneKm(X) kw0 M, and similarly for M3 _ ;. Then
Mixso @ Mixso — /\/lﬂ;o induces a surjective morphism
H.(Myx>0) — (./\/lrk>0) It turns out this induces an

isomorphism from Ker(— N Si01) to H, (./\/lrk>0) where
Ker(— N S101) is functions independent of sj91. Thus we identify

H(MBo) = P e"®Qlsi: 0<k<2m, 1<j<bX, (2.4)

REKO (X)1kr>0 > k/2, (j, k, 1) # (1,0,1)].
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Thus, if & satisfies rank & > 0 and M5(7) = M(7) we have
[M/S{S(T)]Virt € H2+2ng2x(n,n)(Mgl7 @) = en@[sjkla (jv k, /) 7é (17 0, 1)]7

where x : KO (X) x K2,,(X) — Z is the symmetrized Euler form.
We write [M(7)]vire = €*Pr(Sjir), for Pi(sjir) a Q-polynomial in
the infinitely many graded variables sj;, homogeneous of degree
2+ 2pg — 2x(k, k). Our mission, should we choose to accept it, is
to compute the polynomials P.(sjk) (or better, generating
functions encoding the Py (sjk)) as explicitly as possible. Knowing
Pn(sjkl) tells us Ip = f[Mis(T)]virt P(Sjk/) for all P(Sjk/).

My Monster WCF paper defines invariants [M3(7)]iny in rational
homology H.(MP! Q) for all classes x, not just those with
stable=semistable, with [M3(7)]iny = [M(7)]vir in He(MPL, Z)
when M3H(7) = M(7). These [M3(7)]iny satisfy identities (Wall
Crossing Formulae) which are powerful tools for computations. We
aim to compute [M3(7)]inyv for all & with rank x > 0.
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Donaldson invariants are defined when rk x = 2 as integrals
Jivts (e QS102, S22 :j =1, b?) of polynomials Q in

S102 € H*(M,,) and Sz € H?(M,). So they are determined by
taking Px(sjw) and setting syy = 0 if (j, k, /) # (1,0,2) or (j,2,2).

This illustrates the fact that Donaldson invariants, and other
invariants in the literature, are just a small slice of the information
in [M$3(7)]inv, which depends on infinitely many variables. To use
my WCF, we usually have to compute with the whole of
[M33(7)]inv, not just small pieces like Donaldson invariants.

There is an important difference between p; = 0 and pg > 0. If
pg =0 (i.e. b2 = 1) then [M%(7)]iny depends on the Kahler form
w used to define 7, but if pg; > 0 (i.e. b3 > 1) it is independent.
For p; > 0 we define [M3’(7)]iny using reduced obstruction
theories. The WCF for p; = 0 and p; > 0 are different (there are
more terms when p; = 0). Today | discuss only p; > 0. The same
techniques should work for p; = 0, with a more complex answer.
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3. The main results. 3.1. Normalizing ¢i(k)

Let L — X be a line bundle with c1(L) = A € H*(X,Z). Then
— ® L : DP coh(X) — DP coh(X) is an equivalence inducing an
isomorphism M, — M, g;]. Under the isomorphism
H.(M,, Q) = Q[sjx], this is identified with an algebra
isomorphism Q) : Q[sju] — Q[sjw] acting on generators by

Qy Sikl —> Z Aj'kk Sirk!l,

L K120 — k=21"— k!

where (Aj-kk ) is the matrix of — ® L on K (X), and is polynomial in
A. Thus Q) makes sense for A € H2(X,Q), as well as A € H*(X,Z).
We have Q) (M (7)]inv) = M5y (T)linv. So for & = (r, v, k)
with r > 0, we find it helpful to consider Q_,/,([M{7 , x)(T)]inv)-
Effectively, we are tensoring by a ‘fractional line bundle’ L
with ¢1(L) = —a/r, to modify k = (r, , k) so that it has ¢1(x) = 0.
The advantage is that formulae for Q_,/ ([M{7 , 4y (7)]inv) are nearly

r,a,k

independent of « (they depend on [, « U3 mod r for 3 € SW(X)).
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3.2. The universal variables ry, r;, vi. The number field IF,

We want to give an expression for Q) ([M(7)]inv) involving
universal functions independent of X, and of the bases (ej) for
Hi(X,Q) and (ej) for H*(X, Q) which determine the
(co)homology variables sy, Sjxj. To do this we will use ‘universal
variables’ fy, r, v where -,r.O,’ r € H*(X,Q) ® Q[sju] are given by

’:0 = Z )\j-kk ij X Sj/k/z, (31)
Jikj' k" k>0
1 i I

r = ﬂ Z )‘_Jik €jk X 5j'k’(l+2)a | = 1> 27 ceey (32)

o i k. k!
with ()\j.kk ) the inverse matrix of (a,B) = [y aU B on H*(X),

and v, = %514(,+2). We write r = (r1,r2,...) and v = (vq, v2, .. .).
For r > 1 (the rank of k) define a number field F, C C by
Q, r=1or2,

F, = { Q[e5], r>3isodd,

Q[eﬂTI], r >3 is even.
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3.3. The main theorem

Theorem 3.1

When pg > 0, for r > 1 and (r,a, k) € K, (X) there is a formula

sst
—Ot/f([M(r,a,k)(T)]fd) _ [quimM?iayk)(T)fd] (3.3)
Z 2. prfx tda(X) . 77er a(X)? . H grféfaUﬁb .

B1,--5Br—1 1<ag<hsr—1

eH?(X, Z)l 1

Z%ESW X), (beaUcl X) H SW [5 ])Hrf’);au,b’a) )

a=1
exp |:/ Ar(ﬁla coc aﬁrflv Cl(X),td2(X)a q, fo, r, V):|
X

Here [Mfﬁ o k)(T)]fd is the ‘fixed determinant’ invariant, equal to

[ ?ia’k)(T)]inv when bl (X) — 0, and PrsMr, Cr,aba ¢ra er,a S Fr\{0}7
and A, is a universal function independent of X, and SW(sg,)€Z
are Seiberg—Witten invariants of X. Furthermore:
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Theorem 3.1 (Continued)
(i) or= :tl

- c {627;1

2mib

i) 0
(i) ¢r € {e™r :1<b<r} isan rth root of unity.

(iv) nr and (rap for 1 < a < b <r lieinF, \ {0}.

v) A, lies in the quotient of [ﬁl,...,ﬂr 1, c1(X), tda(X),

f0, 11, 12,5 - - Vi, V2, . . .][[q]]g>0 by an ideal generated by things
like cl(X)3, c1(X) Utda(X),.... Here to regard A, as
independent of X, we just consider (3,, c1(X), ... to be formal
variables. But when we fix a surface X, then we regard
Ar(B1,-..,v) as lying in H*(X,Q) ® Q[sju][[q]], where
Ba, c1(X), td2(X) € H*(X,Q) are the given values, and
fo, 1 € H*(X,Q) ® Q[sju] are as in (3.1)—(3. 2) and
v = %514(,+2). Then [, A/(---) applies [, : H*(X,Q) — Q
so that [y A(---) € Q[sp][[a]] 4> n

Note that « appears in (3.3) only through [g"  (nekl¥™/M]3and

(b[XaUcl(X) erfxaaub’a

<b< r} Is a nontrivia/ rth root of unity.

,and so via [, aUc(X), [y aUB, mod r.
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3.4. Example: Hilbert schemes

For rank r =1, fixed determinant moduli spaces M7 , (7)sa are

basically Hilbert schemes Hilb"(X). Also there are no
Seiberg—Witten terms in (3.3). In this case we can rewrite and
strengthen Theorem 3.1 to give:

Theorem 3.2

Writing u = (uy, u, . ..), there exist formal functions A(q, u),
B(q, u), C(q,u),D(q,u), defined uniquely as the solutions to
p.d.e.s, such that for any complex projective surface X we have

> q"[Hilb"(X)]ana = exp[/x(/\(qefb, r)+c(X)UB(qge ", r)

n>0
+ ca(X)?U C(ge ™, r)+tda(X)UD(ge™ ", r))} : (3.4)
We can compute A(q, u),...,D(q, u) up to some order in q using
Mathematica.
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3.5. Example: Donaldson invariants in arbitrary rank
Let L € H*(X,Q), and write L = 57

i—1Lj€j2. The rank r

Donaldson invariants of X are

b2
DX L+ upt) = / eXP( LS+ 5102U)-
(r,a,k)( ) M3 (Dl ijl ]

Theorem 3.3

D()f,a,k)(l- + upt) — [quimef,mk)(T)fd] (3_5)
2
Z rzp[Xtdz(X)nerq(X) (b{XaUq(X) H Crf’);l,fauﬁb
B, Br—1 1<a<hb<r—1

€H2 XZ)II r—1 f o B ) ) )
2%1675\?\:3() H (SW([s,])67% )-exp[q (/XL —i—ru)
+q(/Lu (Cer(x +§:craﬁa >]
X

Here C;, C,, € F,. The exp|- - -] term comes from the terms in
q°F2, q%fo, qc1(x) U fo, qBa U fo in A, just r + 2 coefficients.
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3.6. Symmetries of the generating function

Here is (3.3) again:
SS vdim M
Q—a/r([/\/l(,,&k)(T)]fd) = [q (rak)( )td ]

c 2 N
Z r2 . p[XtdZ(X) . nrfx 1(X) . H C}{);bﬂ UBs .

B1ye-sBr—1 1<a<s<h<r—1
€H2(XZ)11
SW(X 3
W00 09T (sw(lss ol ™)
a=1

p / Af(ﬂlu o 7/BI’—17 Cl(X)ptd2(X)7 q, ’;07 r, V):|

This has an obviou)s< symmetry group S,_1 by permutation of
B1,...,0r—1. Less obvious, if 3 is a Seiberg—Witten class then so
is —c1(X) — B, with SW([s_c,(x)_s]) = (—1)/x =00 SW ([s ).
So replacing B, by —c1(X) — B2, and p, by —p,, gives a
Zoy-symmetry for a=1,...,r — 1. This gives a symmetry group
Nh=5_x Zg_l acting on choices of p, 0, ¢r,0r,2,Cr ap, A

Dominic Joyce, Oxford University Structure of invariants counting coherent sheaves on surfaces



The main results

Symmetries of the generating function

(a) It turns out that the data p;, 7, ¢r, 0r, 2, Cr.ab, Ar is unique up
to this action of ', = 5,1 x ngl. We can conjugate everything
by an element of the Galois group Gal([F,); this is equivalent to
the action of an element of I',, giving a morphism Gal(F,) — T,.
(b) We can use the I',-action to standardize the constants

PrsNrs @r, 0r 2, Cr ap: after applying an element of ', we can take

2mia

pr:%7 ¢r=1 bra=er, a=1...,r—1

There are also conjectural values for 7, (; 5 due to Gottsche
2021, but | haven't proved these yet, except for small r.
(c) If ris odd then vdim Mo k)(T)fd is always even. Then all

q°%d terms in the whole sum (3.3) are zero, even though individual
terms in the sum can have nonzero g°d4 terms.

(d) vdim M, (1) = Jx aUca(X)+ [y tda(X) mod 2 if r

is even. If n# [, aUci(X)+ [ td2(X) mod 2 then g” terms in
the whole sum (3.3) are zero.

(e) Parts (c),(d) give an extra Zy symmetry of (3.3) under ¢ — —q.
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3.7. Sketch of the proof: rank 1 case

First | prove the rank 1 case, Theorem 3.2 on Hilbert schemes.

Define Hilb(X, q) = -0 ¢"[Hilb"(X)]funa € Q[sjiw/][[g]]- Using
Ellingsrud—Gottsche—Lehn 2001 | show that

Hilb(X,q) =1+q(---), (3.6)
— Hilb(X, q) =
0q 1 (kK'Y /21 »

Res,{ z~ - K e Vs
J e { exp[ ,-,k,,-/,k,z (=G k21 ]

I'>k'/2: 1" >(k+k') /2
0 0 .
o exp {—22 €14 X 950+ . Z (I —1)1Zep R @} - Hilb(X, q)}7 (3.7)
Jok, I>k/2
where (,uj:;(k/) is the inverse Mukai pairing. Then | show that (3.4)
is the unique solution to (3.6)—(3.7), where A(q, u),...,D(q, u)
are solutions to p.d.e.s derived from (3.6)—(3.7).
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3.8. Constructing invariants by induction on rank

There is a method to compute invariants [M(7 , ) (7)]inv by
induction on the rank r = 1,2, ... starting from rank 1 data. This
is due to Mochizuki 2009 in the algebraic case, and is the analogue
of the construction of Donaldson invariants from Seiberg—Witten
invariants. Fix a line bundle L — X, and define an auxiliary abelian
category A with objects (V, E, ¢), where V is a finite-dimensional
C-vector space, E € coh(X), and ¢ : V ®&c L — E is a morphism.
Write the class of (E, V,¢) as [E, V,¢] = ((r, o, k), d) where

[E] = (r,a, k) and dim¢ V = d. Starting from 7 on coh(X) we
define a 1-parameter family of stability conditions 7; on A for

t € [0,00). Thus we get semistable moduli stacks M??r,a,k),d)(%t)
of objects in A. My theory defines ‘pair invariants’

M+ a.6),0)(Tt)]inv (at least when r >0 and d = 0, 1) satisfying a
wall-crossing formula under change of stability condition 7.
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It turns out that:
® When d =0, M({, , 1)0)(Tt) = M7, (7). Thus the sheaf
invariants [M{} , y(7)]inv are pair invariants with d = 0.
o If r =1, M{(1 4 k)1)(7t) is independent of t and may be
written using Seiberg—Witten invariants and Hilbert schemes.
e Ifr>1d=1and t> 0 then M??rak)l)(ﬁ):@ so

[M(?ra K d)(Tt)]mv = 0. Thus wall-crossing from t > 0 to
t = 0 gives a WCF of the general form

° [M{{+ .k),1)(70)]inv = sum of repeated Lie brackets of

[MS?]_ of k/ 1)(%0)]111\/ and [M?i”,a”,k”)(T)]iﬂV for r// <r,

using a Lie bracket on H, (/\/tp ) from my vertex algebra theory.

o If L =0Ox(—N) for N> 0 we can recover [M(7 , 1(7)|inv
from [M??r,a,k),l)(TO)]lnv

e By induction we may now compute [M{7 , 1 (7)]inv =
Mgy (o)l = DM oy (Pl = -

o Thus, we can compute [M{7 o) (T)]iny for r> 1 in terms of
classes of Hilb"(X), Pic?(X) and Seiberg-Witten invariants.
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In the representation (2.4), with (Nj:;k/) the matrix of the symmetrized

Mukai pairing, we may write the Lie bracket on H*(Mfiw) as

[e” u(siu), eﬁv(s{/k///)} o = Resz [(—1)X("’ﬁ)z>‘(°"ﬁ)+’<(ﬁ’a)eo‘+5-

{exp( k( +ﬂ (Zajksjk (14k/2) +Z$,k I+1) ))

Jrk,l

rk o o}
ooty (S et & dvonzi))e

Jl k! JUk I

eXp(— Z(_l)l(/_ k/2 _ )|zk/2 ! J k/ﬂj/k, o}

, 85 ki
Jrkid’ k' 1>k /2

(71)k/2(// . k'/2 —1)lz k' j2—1" NJ k’

Jrkid! k1> K )2 85'1«/'
’ oy ot 82
Z (=)' + 1 = (k+ K')/2 = 1)1 ZKFKD/2=1= Nk 7/)
gkl K J 8sjk,85j, Py

I>k/2, I'>kK' /2

(u(sju) - V(sf’k’/’))}

ka/:SJk/] ’ (3 ' 8)
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3.9. Changing the generating function to the right form

Equation (3.8) is a horribly complicated mess. What this means in
practice: if you suppose (3.3) holds in rank r, and you use this to
compute the generating function of invariants in rank r 4+ 1 using
the inductive method, computing the Lie brackets using (3.8), and
you get to the end without dying, the result does not look like (3.3)
in rank r + 1. Instead, it gives you a really complicated residue in
an extra formal variable z, which depends on the line bundle

L — X, even though the answer [M{7,; , 1)(7)]5a is independent
of L. Worse, you can't use one L for the whole generating function,
L must be more and more negative as the power of g increases.
The most difficult part of the proof is to show this residue can
actually be written in the form (3.3) for rank r + 1.
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To do this we change variables in the residue from z to another
formal variable y. Then it turns out that there exists a smooth
projective curve ¥, meromorphic functions x1,...,x,, vy :

Y — CU{oo}, and points 09,0 € X with y(o;) = i, such that:

@ The group ;41 acts on ¥, and y is [, 1-invariant and gives
an isomorphism X /T, 11 =2 CU {co}. Thus, any
[, +1-invariant meromorphic function on ¥ is actually a
rational function of y € CU {oo}.

o Every part of the residue Res,(y 1 W) which will define the
generating function (3.3) in rank r + 1 lifts to the curve ¥, as
the Laurent expansion at 0 € X of a Q-rational function in
X1,...,Xr, Y, in the local coordinate y.

@ The entire sum y ='W inside Res, (y 1 W) is I',41-invariant,
although the components are not. Thus, the entire sum is a
rational function of y € CU {oo}. It turns out to have a
simple pole at y = 0, and no other poles in C. Thus
Res, (yW) = W|,—o, or equivalently, W/|,,.
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@ Thus, we are dealing with meromorphic functions on ¥, which
are presented initially as formal Laurent series in y near
0o € L. We want instead to evaluate these meromorphic
functions at 0g € ¥, and this evaluation gives (3.3) and the
data Pr+1,Nr+1, ¢r+17 9r+1,ay Cr—l—l,aba Ar+1-

e y~1(0) is a free I, 1-orbit in ¥, and ¢ € y~1(0) is chosen
arbitrarily. Different choices give different data
Prs1, - - -5 Ary1, differing by the action of I',41.

e All terms in (3.3) come from Q-rational functions in
X1, ..., Xr,y in . But when we evaluate these at o¢ € ¥,
which is not a Q-point for r +1 > 2, we get coefficients in F, ;.

@ The curve X can be written completely explicitly, though in a
complicated way. This enables me to compute
Fri1, pro1s @ret, 0rg1,a explicitly.
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Happy birthday, Alastair!

Dominic Joyce, Oxford University Structure of invariants counting coherent sheaves on surfaces
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