Feasible Counterfactual Reasoning for Responsibility and Recourse

Abstract

Structural causal models (SCMs) are the default substrate
for counterfactual explanation, responsibility, and causal re-
course in the Halpern-Pearl account of actual causation. In
SCMs, interventions quantify over arbitrary assignments to
endogenous variables. However, in socio-technical systems,
agent actions (and hence responsibility) are constrained by
procedures, authority, permissions, and coordination require-
ments. Thus counterfactual ‘alternatives’ may include states
that the relevant agent could not have feasibly executed. We
characterize this intervention—feasibility gap and show how
it can yield misplaced responsibility attributions or infeasible
recourse recommendations even when the underlying SCM
is descriptively adequate. We propose a principled restric-
tion of intervention admissibility via Resource-aware SCMs
(R-SCMs). Without abandoning SCM semantics, we equip
models with agent-controlled endogenous variables, enable-
ment predicates evaluated against the acting agent’s observa-
tion, and consumable resources modeled by a partial com-
mutative monoid. We interpret agent-relative counterfactual
feasibility via executable, resource-consuming intervention
traces (a sequence of actions) and prove basic properties of
R-SCMs (well-definedness, monotonicity, conservativity un-
der trivial feasibility). Finally, we prove NP-completeness
of the bounded-horizon feasibility decision problem for R-
SCMs.

1 Introduction

Responsibility and recourse questions about modern Al- and
software-mediated decision workflows increasingly arise in
socio-technical systems that are governance-oriented in a
concrete sense: decision-making is organized around ex-
plicit roles and interfaces, constrained by procedures and
policies. These are often subject to ex post audit (e.g.,
compliance checks, incident postmortems, or regulatory re-
view). In such settings, whether an agent ‘could have done
otherwise’ is rarely a procedural question about what was
enabled for that agent. This viewpoint is classical in the
bounded rationality tradition (Simon 1955; Simon 2019)
and is reflected empirically in how organizations encode ac-
tion through routines and interfaces (Feldman and Pentland
2003). It is also explicit in operational and regulatory prac-
tice. Human oversight in safety-critical automation is mean-
ingful only insofar as operators have genuine, feasible inter-
vention options (de Sio and van den Hoven 2018).

Counterfactual reasoning is the standard bridge from de-
scriptive models of a system to normative questions about
explanation, responsibility, and recourse. The dominant for-
mal substrate for this is the Pearl-style structural causal mod-
els (SCMs) and the Halpern-Pearl (HP) account of actual
causation and its graded variants (Pearl 2009; Halpern 2016;
Chockler and Halpern 2003). SCMs employ structural equa-
tions to specify how endogenous variables are determined
by exogenous context, while the intervention operator do(+)
supports counterfactual queries by replacing selected vari-
ables by constants. In this semantics, explaining (or as-
signing responsibility for) an outcome amounts to evaluat-
ing what would have happened under a hypothetical manip-
ulation of some variables, holding the structural dynamics
fixed (Pearl 2009; Halpern 2016). This treats counterfac-
tual antecedents as freely specifiable variable-settings. We
discuss in the next section why that idealization becomes
problematic when ‘could have done otherwise’ is assessed
against procedural constraints.

A recurring issue in many socio-technical scenarios is that
the most salient alternatives are often not executable options
the relevant agent actually had in the situation at hand. As
mentioned, standard SCM semantics, treats interventions as
a purely semantic operation on equations (Pearl 2009). For
any endogenous variable X and any value z € R(X), the
intervention do(X =z) is admissible. This generality is built
directly into the Halpern-Pearl (HP) account of actual cau-
sation in which counterfactual dependence is witnessed un-
der a contingency. One is allowed to intervene not only on
the putative set of cause variables X, but also on an auxil-
iary set W of endogenous variables, fixing them to a chosen
setting w, so as to make the effect ¢ counterfactually sen-
sitive to changing X (the modified AC2 contingency clause
in (Halpern 2016)). Because SCM semantics imposes no re-
striction on which endogenous variables may appear in such
interventions, the resulting counterfactual language ranges
over two qualitatively different kinds of antecedents: assign-
ments that correspond to genuine control moves available to
a particular agent in the actual context, and assignments that
are physically or normatively impossible for that agent to
realize.

The Halpern-Pearl formalism of actual causation ties ex-

planation, blame, and graded responsibility to counterfactual
dependence (Halpern 2016; Chockler and Halpern 2003;



Beckers, Halpern, and Hitchcock 2023), while algorithmic
causal recourse methods search for outcome-flipping coun-
terfactual changes to input features (Ustun, Spangher, and
Liu 2019). As a result, responsibility claims and recourse
recommendations that are mathematically well-defined yet
procedurally infeasible are supported. We call this mis-
match the intervention—feasibility gap. Closely related con-
cerns arise in the recourse literature, which distinguishes
valid counterfactual reasoning from actionable and feasible
changes (Ustun, Spangher, and Liu 2019; Poyiadzi et al.
2020) and argues that recourse should be cast as (minimal)
interventions in an underlying causal model rather than arbi-
trary feature-setting moves (Karimi, Scholkopf, and Valera
2021; Ustun, Spangher, and Liu 2019).

A natural response is to move to an action-theoretic rep-
resentation in which feasibility is explicit: one specifies an
action signature with preconditions (including timing, per-
missions, and coordination requirements), and counterfac-
tual claims are evaluated against an explicit narrative of what
actions were executable. The Knowledge Representation
(KR) community has long studied causal reasoning in such
formalisms. The interested reader may consult (Tran and
Baral 2004; Hopkins and Pearl 2007; Batusov and Soutchan-
ski 2018; Finzi and Lukasiewicz 2002; Liu and Belle 2025;
LeBlanc, Balduccini, and Vennekens 2019) among many
other works which we omit for the sake of brevity. In these
settings, ‘intervention’ is largely aligned with the notion of
action by construction, and so, ‘could have done otherwise’
is constrained syntactically. Although we derive inspiration
for our theoretical apparatus from these approaches, our ap-
proach is deliberately SCM-native.

While an SCM can be compiled into an action-theoretic
formalism, and as mentioned, the KR literature offers sev-
eral bridges between structural models and action-oriented
formalisms (Section 2), doing so typically introduces addi-
tional operational commitments that are largely orthogonal
to our objective. This invites a natural comparison: are we
simply doing deterministic planning (or an ability logic with
costs) with SCM evaluation used as a simulator? The key
difference is methodological, in that, we do not assume an
action model ex ante.

Instead, we propose a conservative extension that pre-
serves SCM substrate in HP-formalism intact, while mak-
ing admissibility of counterfactual alternatives explicit. Our
technical move is to layer a ‘lightweight’ procedural seman-
tics on top of an SCM: an agent ‘could have done otherwise’
only if there exists an executable trace of enabled interven-
tions available to that agent (or coalition) in the current sit-
uation. These agent-relative interventions operate only on a
designated set of corresponding agent-relative endogenous
variables. Whether an action is enabled is decided by a gate
predicate that may depend on the current context, the agent’s
observation of the current valuation, and a consumable re-
source store (e.g., time, permissions, budget, quorum capac-
ity). This results in a feasible-counterfactual modality (i)
that ranges over action sequences the agent ¢ can perform
relative to resources available to it.

A further technical point is resource sensitivity. In our
setting, feasibility is a state-dependent constraint driven

by resources such as time, privilege, budget, or coordina-
tion capacity. Resource-bounded strategic logics and re-
sponsibility formalisms in multi-agent systems already in-
ternalize similar agency constraints at the semantic level
(e.g., coalition ability, responsibility under imperfect infor-
mation, and STIT-based accounts) (Alechina et al. 2010;
Nguyen et al. 2019; Yazdanpanah et al. 2019; Shi 2024;
Parker, Grandi, and Lorini 2025; Lorini, Longin, and Mayor
2013). Starting from an SCM, we use explicit resource con-
straints to prune the space of counterfactual antecedents rel-
evant to responsibility and recourse.

The underlying SCM evaluation is left unchanged but the
admissibility layer imposes a restriction: an intervention
trace is admissible only if each step passes its enablement
predicates (gates) and its cost can be paid from the current
resource store. Consequently, resources cannot be dupli-
cated or used ‘for free’, and exclusivity clashes (e.g., mu-
texes or quorum slots) are captured by the partiality of the
resource composition. On this reading, feasibility is certified
by an executable trace of primitive actions available to the
agent in the current state whose accumulated interventions
make the target event true. Minimality is then a claim that
among all feasible traces which achieve the same outcome,
the chosen witness is minimal with respect to the preorder
induced by the resource algebra.

Our contributions are as follows. First, we character-
ize the intervention—feasibility gap in HP-style responsi-
bility analyses in Section 1. Section 2 situates the ap-
proach relative to action-theoretic accounts of causation,
logics of agency and responsibility, resource-bounded abil-
ity logics, and the causal recourse literature, clarifying how
our contribution is a restriction principle for admissibility.
In Section 3, we present minimal examples exposing the
intervention—feasibility gap in responsibility and recourse.
Section 4 introduces the R-SCM semantics. Section 5 for-
malizes the main reasoning task (bounded-horizon feasible
achievement and prevention) and proves some basic prop-
erties of R-SCMs. Section 6 concludes with limitations
and extensions, including a proof-certificate direction for au-
ditable feasibility witnesses.

2 Related Work

Our starting point is Pearl’s structural-equations account of
causality (Pearl 2009; Galles and Pearl 1997), and its de-
velopment through the Halpern-Pearl (HP) framework for
actual causality and its variants (Halpern 2016). The agent-
relative stakes considered here are closest in spirit to graded
refinements such as responsibility and blame (Chockler and
Halpern 2003; Halpern and Kleiman-Weiner 2018). Our
contribution is orthogonal to refinements of the HP defini-
tion itself: we address a semantic mismatch that interven-
tions range over all endogenous variables rather than over
an agent’s executable options. The first position is an ex-
trinsic view of the underlying system whereas the later is an
intrinsic agent-relative view.

In this direction, several works connect Pearl-style causal
models to explicit action languages. Tran and Baral en-
code probabilistic causal models into the probabilistic ac-
tion language PAL, motivated by the mismatch between



Pearl’s intervention vocabulary and action-theoretic descrip-
tions (Tran and Baral 2004). Finzi and Lukasiewicz inte-
grate structural-model causality with Poole’s independent
choice logic (Poole 1997) to obtain a first-order setting with
explicit actions while importing HP-style causality and ex-
planation (Finzi and Lukasiewicz 2002). These results es-
tablish representational compatibility between SCMs and
action formalisms, but they neither address the intervention—
feasibility gap nor do they give an agent-dependent counter-
factual admissibility criterion.

A substantial line of work studies counterfactual and ac-
tual causality directly in action-theoretic settings such as the
situation calculus. Hopkins and Pearl investigate causality
and counterfactual reasoning in the situation calculus, partly
as a response to expressiveness limitations of structural
models for dynamic domains (Hopkins and Pearl 2007). Ba-
tusov and Soutchanski rebuild actual causation inside atem-
poral situation calculus (Batusov and Soutchanski 2018).
Their stated motive is to mitigate the lack of objective cri-
teria to select admissible counterfactual possible worlds for
analysis. They introduce a notion of achievement, and also
give a translation from acyclic causal models to situation
calculus and relate their notion to HP-style causality un-
der their embedding. LeBlanc et al. propose an action-
theoretic framework for explaining actual causation, formal-
ized in the action language AL (Baral and Gelfond 2000)
and implement the framework using Answer Set Program-
ming (LeBlanc, Balduccini, and Vennekens 2019). Liu and
Belle propose a counterfactual notion of achievement cause
in action theory (Reiter 2001) and analyze its relationship to
achievement causes in the situation calculus tradition (Liu
and Belle 2025). These works are close in spirit to ours, and
we acknowledge the methodological inspiration, in that they
bind causation to action structure. However, they largely
start from an action description point of view where feasi-
bility is encoded by the given action signatures and precon-
ditions. The novelty of our approach, instead, is a restriction
principle for counterfactual reasoning relative to an SCM it-
self within the HP-framework.

Causal reasoning has also been studied through logical
formalisms that connect to non-monotonic knowledge rep-
resentation and default reasoning. For example, Bochman
shows translations between default theories and causal theo-
ries and relates Pearl-style structural equation models to this
logical perspective (Bochman 2023). Some recent works
enrich causal models with additional structure that restricts
admissible worlds and interventions. Beckers, Halpern,
and Hitchcock study causal models with constraints, where
constraints carve out impossible states that standard SCM
semantics would otherwise allow (Beckers, Halpern, and
Hitchcock 2023). This is closely aligned in spirit with
our intervention—feasibility diagnosis, but orthogonal in
methodology: constraints restrict which assignments count
as admissible globally, whereas our R-SCM semantics re-
stricts agent-relative counterfactual reasoning by requiring
executable, resource-feasible traces. Halpern and Hitch-
cock enrich HP-style causation with a normality ordering
over worlds, yielding graded judgments that prefer more
normal contingencies (Halpern and Hitchcock 2015). This

addresses a different axis of under-specification than the
one targeted here. Our framework is driven by a differ-
ent goal: blocking infeasible counterfactual reasoning by
making admissibility constraints explicit and operational.
Normality (or default) approaches filter candidate counter-
factual contingencies based on typicality. In contrast, our
goal to restrict the domain of relevant counterfactual an-
tecedents to those witnessed by enabled, agent-relative ma-
nipulations. The induced enabled-intervention dynamics
forms a planning-style reachability problem: actions are en-
abled primitive interventions and costs are resource-token
consumption. The ideas discussed above combine naturally
with our setting in that after restricting attention to feasible
traces, a normality ordering can rank the remaining feasible
alternatives.

Logical theories of responsibility in multi-agent systems
typically take agency primitives (choices, strategies, game
forms) as given and analyze responsibility via ability opera-
tors and their temporal or strategic refinements (Shi 2024;
Parker, Grandi, and Lorini 2025). A recurring theme is
that responsibility is sensitive to information and epistemic
limitations, and this has been studied explicitly under im-
perfect information in strategic settings (Yazdanpanah et
al. 2019). Our approach does not compete with these
formalisms, rather, it provides an SCM-based substrate in
which ‘could have done otherwise’ is witnessed opera-
tionally, with feasibility (and, when desired, information
constraints) enforced at the level of enabled interventions. In
algorithmic recourse, a closely related concern is that stan-
dard counterfactual-search formulations implicitly treat ar-
bitrary feature settings as achievable, producing infeasible
recommendations. This has motivated a shift from coun-
terfactual explanations to actionable, intervention-aware re-
course (Karimi, Scholkopf, and Valera 2021). R-SCMs can
be viewed as a formalization of the same doctrine: recourse
is evaluated only over counterfactual reasoning supported
by feasible intervention traces under the subject’s operative
constraints.

3 Failure Modes of Unconstrained
Counterfactual Reasoning

In this section we discuss a couple of concrete issues with
SCM-based analyses of responsibility and recourse. Be-
cause do(-) ranges over arbitrary endogenous variable as-
signments rather than an agent’s executable options, these
can certify those interventions which are infeasible in the ac-
tual situation. Given an SCM M and context i, (M, @) =
© denotes truth in the unique solution, and (M, %)
[do(X=x)] ¢ truth in the intervened model. Whether such
an intervention corresponds to something an agent could
actually do in the given world is not represented in M
by default. We call an intervention do(X=z) outcome-
Sfipping for an event B if (M,4) = B but (M, ) =
[do(X=x)] —~B. The intervention—feasibility gap arises ex-
actly when an outcome-flipping counterfactual is treated as
a legitimate alternative in an responsibility or recourse argu-
ment despite being infeasible for the agent. As mentioned
previously, our core theoretical development (Section 4) re-



solves this by restricting agent-relative counterfactual rea-
soning to those witnessed by enabled, resource-consuming
execution traces.

Reaction-time infeasibility. Let A mean an alarm is
shown, 7" that the response window is long enough, H that
the human aborts, and B that a bad outcome occurs:

H=AANT B :=—-H.

Assume (M, @) = A=1 and (M, &) = T=0, hence H=0
and B=1 (with H=0 indicating falsity and B=1 indicating
veracity). Unconstrained counterfactual reasoning permits
(M, @) |= [do(H=1)] —B, inviting the reading that the hu-
man could have prevented the outcome. But when T'=0,
setting H=1 does not correspond to any executable option
for the human in that situation: the intervention bypasses the
very constraint captured by the model. A feasibility-aware
analysis therefore shifts attention to what fixed 7' (automa-
tion speed, interface latency, early-warning design) rather
than attributing responsibility to a non-existent option.

Causal recourse. In causal recourse, a denied subject is
given changes that would flip a decision (Karimi, Scholkopf,
and Valera 2021; Wang et al. 2025; von Kiigelgen et al.
2022). Let D := I[score(X) > 7] be a determinis-
tic decision rule over features X. A standard objective
searches for a small feature move AX such that (M, @) =
[do(X = X + AX)] (D=1). The failure mode is familiar:
an outcome-flipping do(-) antecedent is not a feasible option
for the relevant agent, yet is treated as a legitimate. This is
the intervention—feasibility gap in recourse form: the coun-
terfactual is well-defined — indeed outcome-flipping for D
— yet it does not correspond to any executable plan for the
relevant agent. These examples motivate the conservative
move of the next section. To reiterate, we keep the SCM’s
underlying structure intact, but restrict agent-relative coun-
terfactual reasoning to those witnessed by enabled proce-
dures.

4 A Resource-aware Semantics for Feasible
Counterfactual Reasoning

We take a procedural view of counterfactual alternatives: an
agent ‘could have done otherwise’ only if there exists a con-
crete sequence of enabled actions that the agent could ex-
ecute in the given situation, echoing Simon’s emphasis on
bounded rationality (Simon 1955). The underlying SCM se-
mantics is unchanged: only the admissible counterfactual
alternatives for agent-relative queries are restricted.

4.1 SCMs and Interventions

We assume deterministic acyclic structural causal models
(SCMs). An SCM is a tuple M = (U,V, R, F), where
U are exogenous variables (contexts), ) endogenous vari-
ables, R gives finite ranges, and F = {fy }y ¢y assigns
each V € V a structural equation V := fy (Pa(V),U).
Here Pa(V) C V \ {V} denotes the (endogenous) parents
of V, i.e., the set of variables on which fy depends. Equiva-
lently, Pa(V") are the incoming neighbors of V' in the acyclic

directed causal graph induced by F. A context is an as-

signment @ to U. We write U for the exogenous-variable
tuple and « for a particular valuation. For each context i,
acyclicity implies a unique endogenous valuation, written
An intervention map is a finite partial function I : V —
Uxey R(X) with I(X) € R(X) when defined. Let M;
be the intervened SCM obtained by replacing, for each
X € dom([), each instance of X by the constant assign-
ment X := I(X) in the corresponding structural equations.
We write (M, #) = [do(I)] ¢ to denote that ¢ is satisfied
under the valuation Solaq, (%). We fix a finite set of agents
A={1,...,n}.
Definition 1 (Resource frame and residual). A resource
frame is a partial commutative monoid R = (T,®,e),
where T is a set of resources, ® is a partial commutative
binary operation (with associativity and unit laws holding
whenever the relevant expressions are defined), and e € T
is the unit resource object. We write t @ t' | to mean the
composition is defined and t @ t' 1 to mean it is undefined.
Undefinedness represents a resource clash, and definedness
represents compatibility. The induced availability preorder
is ¢ = t meaning there exists v € T.(c®@r | ANe®@r =1t).
When ¢ =< t, any such r is called a residual of paying c from
t (residuals need not be unique). If ¢ <X t, we write t > c. [

Intuitively, an element t € T can be viewed as a set of
tokens representing the resources currently available, both
consumables (e.g., time, budget, effort) that can be spent,
and exclusives (e.g., locks, quorum shares, mutex) that can-
not be jointly held or used in conflicting ways. This is the
standard algebraic abstraction used to model consumable
and exclusive resources: incompatibility is represented by
partiality. For each agent i € A, we fix a set of controlled
variables C; C V), representing endogenous variables that
are, in principle, directly actuated by <.

Remark 1. When I is an intervention map with dom(I) C
C;, we call it an i-control intervention. O

A trace is interpreted as a sequence of persistent (set-once
discipline) overwrites of controlled variables, and after each
trace prefix we evaluate the unique solution of the resulting
intervened SCM. Feasibility is determined by gates: state-
dependent predicates that decide whether a primitive action
is available given the current context, resources, and con-
straints (Winn 2012). To avoid an omniscience assump-
tion, gate predicates may depend on what the acting agent
can observe at the current valuation, rather than on the full
valuation itself. This reflects a standard epistemic concern
in causal reasoning: causal and responsibility judgments
are often conditioned on the information available to the
agent (Eberhardt 2009).

Concretely, each agent ¢ is equipped with an observation
map obs; : [,y R(V) — Oy, and when the current cumu-
lative intervention induce valuation ¥, the enablement predi-
cate (gate) for an ¢-action (Definition 4 is evaluated on obser-
vation o; = obs; (7). In what follows, We omit the subscript
(or superscript) whenever it is convenient to do so. This
ensures that feasibility claims used for responsibility attri-
bution are judged against the information available to the



agent. Organizational rules, norms, and contracts are treated
uniformly in the same way — as additional gate constraints.

Definition 2 (Cumulative intervention map). Let us fix an
initial intervention map I and define Iy = I. For each
te{l,....m}setI; = I,_1 U{X; — x:}. Under the
set-once discipline (which is enforced by executability), we
have X; ¢ dom(I;_1), so the union is well-defined. We call
I; the cumulative intervention map after t steps. U

Definition 3 (State). A state is a triple s = (i, p, I) where @
is the exogenous context, p : A — T is a resource store, and
I: UieaCi = Ux R(X) is a finite partial map record-
ing the current cumulative intervention on controlled vari-
ables. Given I, let M be the intervened SCM obtained
by replacing, for each X € dom([I), each instance of X
by the constant assignment X = I1(X) in the correspond-

ing structural equations. We write Ty = Solam, (@) for
the induced endogenous valuation (which is well-defined for
acyclic SCMs). d

Definition 4 (Primitive action). A primitive action is a pair
ol = (i, X:=x) withi € A, X € C;, and v € R(X). Each
action o' has a resource-token requirement cost(a) € T
and a gate predicate G : (@, 05, p(3), ) € {0,1}, evaluated
at context U, observation o, resource store p, and current
cumulative intervention map 1. Intuitively, G i = 1 entails
both resource availability and any additional feasibility con-
straints.

We require that if G i (i, 0;, p(i),I) = 1, then cost(a) =<
p(i). A primitive action o' = (i, X:=x) is enabled at s,
written s = en(«), if Gui(U,04,p(4),I) = 1, and X ¢
dom([). O
Definition 5 (One-step execution). Let s = (i, p, I) and let
a = (j, X:==x) for some j € A. Let us write U := Solrq, (@)
and o == obs; (7). We write s = s iff s' = (i, p', I') and:
1. X ¢ dom(I);

2. Go(d,0,p,I)=1;

3. there exists v € T such that cost(ca) ® r | (it is defined)
and cost(a) @ r = p(j), with p'(§) = r and p' (i) = p(i)
foralli# j;

4. I'=TU{X > z}.

O

Definition 6 (Trace). A trace is a finite sequence of primi-
tive actions 0 = « ; - -+ ; Quy. A trace is interpreted oper-
ationally via the one-step transition relation (Definition 5)
and the induced cumulative intervention map (Definition 2).

0 = a1; - ; Quy IS executable from a state s if there
exist states Sq, ... ,Sm With Sg = s such that s;_4 N St
foreacht = 1, ... ,m. Wewrite s = s,,, and if s, =
(U, prmy I ) we write I, == Ip,. O

Definition 7 (Resource-aware SCM). A resource-aware
SCM (R-SCM) is a tuple

—

M = (M7 Av m? (Ci)i€A7 cost, (GQ)QGAct)

where M is a deterministic acyclic SCM, A is a finite
agent set, R = (T,®,e) is a resource frame, C; C 'V
are controlled variables, Act is a set of actions, cost :

Act — T assigns resource-token requirements, and each
gate G, (U, 0, p,I) determines admissibility of a at context
i, valuation v, store p : A — T and cumulative interven-
tion map 1. O

Definition 8 (Feasible-counterfactual modality). Let s =
(i, p,I) be a state and let p be an event formula over en-

dogenous variables. We define (M, s) |= (i) iff there ex-
ists o executable from s such that o consists only of actions
of agent i, and if s % (ii, p, I,) then (M, @) =@ O

Following Halpern (Halpern 2016), we adopt the standard
convention that an event E can be described by a proposi-
tional formula varphig. We read (i)—pp as a feasible pre-
vention of event B by 4, and (i)1)p as feasible achievement
of a desired outcome D by i. Agent i is held responsible for

event E with respect to an R-SCM (M if there exists a state
s such that (M, s) = (i)—¢pg. A recourse plan is simply
an executable trace witnessing (7)1 p, and minimal recourse
plans correspond to resource-token minimal witnesses.

Definition 9 (Trivial feasibility). Given an R-SCM M, if
for every primitive action o = (i, X:=zx) with X € C;
and © € R(X), for every state s = (U, p,I) with X ¢
dom([), letting ¥ := Solp, (@) and o = obs;(V), we have
Go (i, 0,p,I) =1 and cost(a)) = e then feasibility is trivial
for the agent s. (]

4.2 Coalitional Feasibility

Many socio-technical alternatives are available only through
coordination. Since our primitive notion of feasibility is pro-
cedural (in the sense of witnessed by an executable trace),
the minimal multi-agent extension is to allow traces whose
steps are taken by different agents.

Definition 10 (Coalitional feasibility). Let C C A be a
coalition. A C-trace is a finite sequence 0 = Q-+ ; Qpy
such that each action oy = (i, Xyi=x¢) has iy € C
and Xy € C;,. A C-trace o is executable from a state
s = (d, p,I) iff there exist states sq, - ..,Sm With sg =
such that s;—1 =5 s; foreacht = 1,...,m (Definition 5).
If s = (U, pm, Im), we write I, := I,

For an event formula ¢ over endogenous variables,
define the coalitional feasible-counterfactual modality by

(M, s) = (C)yp iff there exists o, a C-trace executable from
s such that (M, @) = . We write (i) as shorthand for
{ihe O

Here coalitional ability is obtained purely by allowing dif-
ferent agents to take steps in the same executable procedure.
Nothing else changes: resources remain per-agent compo-
nents of p, feasibility remains encoded in the gates G,, and
gates are still evaluated on the acting agent’s observation
0 = obs;, (V) at each step.

4.3 Responsibility and Feasible Recourse

Definition 11. Fix an R-SCM M, a state s = (tu,p,I), an
agent i, and an event B. A trace 0 = a1;--- ;Qy IS a
responsibility witness for preventing B by ¢ at s iff:

1. (Potency) (M, i) = B.



2. (Feasible prevention) If o is executable from s with each
ar € o having the form (i, Xy:=x;) then (My,, 1) =
—B where s % (i, pg, Iy)

3. (Token-minimality) There is no executable i-trace o’ from
s such that (M _,,u) = —~B and Cost(c’) < Cost(0),
where Cost(o) = Q)" cost() and < is the strict part
of the preorder induced by Q.

If no such o exists, then we say that B is not preventable by
7 ats. U

It is useful to make explicit how our feasibility witnesses
correspond to the usual Halpern-Pearl (HP) clauses for ac-
tual causation (Halpern 2016). We emphasize that our goal
is not to replace HP’s causal semantics, but to restrict the
counterfactual alternatives used for responsibility to those
realizable by feasible procedures. HP’s counterfactual de-
pendence clause asks for an intervention (possibly under
a contingency) under which the effect is prevented. Our
refinement is to restrict the quantification domain of such
interventions. Concretely, the Prevention clause in Defini-

tion 11 asks for a witness trace o such that s = (i, p,, I,,)
and (M, ,i) E —B. HP imposes a minimality condi-
tion (typically subset-minimality over intervened variables).
Here minimality condition is resource-indexed: we select
witnesses that are resource-token cost minimal with respect
to the resource-token preorder induced by ®. This is well-
aligned with responsibility attribution, where the salient no-
tion of ‘smallest change’ is typically budget rather than the
cardinality of a variable set. When needed, one may add a
secondary tie-breaker (e.g., trace length) among incompara-
ble traces.

4.4 Worked Example: k-of-n Pause Switch

We use a k-of-n approval (multisig) pause switch (Itakura
1983; Micali, Ohta, and Reyzin 2001) as a running example
because it characterizes a genuinely coordination-dependent
alternative. It is a threshold control mechanism arising out
of research in cryptography in which a system can be paused
only after approvals from at least k& out of n designated par-
ties.

We show that no single signer can unilaterally pause a sys-
tem to prevent some outcome (called loss), yet a sufficiently
large coalition can — iff the relevant procedural and timing
constraints keep the option live. We fix n > 2 and a thresh-
old k € {2,...,n}. Let E denote that an exploit attempt is
underway, let Ay, ..., A,, denote approvals by signers, let )
denote that quorum is reached, let P denote that the system
is paused in time, and let B denote the loss event. Consider
the deterministic acyclic SCM with equations

Q= fo(A1,...,A,) folar,...,an)=1[>"_, a; >k

P::fP(EvQ) fP(er):l[ezl/\qzl]

B::fB<E7P) fB(e7p):1[e:1/\p:0}
Equivalently, since all variables are Boolean, one may write
P :=FEANQand B := E A =P as shorthand for the corre-
sponding deterministic functions. Assume the actual situa-
tion satisfies (M, @) = E=1 and (M, @) = A;=0 for all 4,
hence =0, P=0, and B=1.

For each signer ¢ € {1,...,n}, we introduce an agent
i with C; = {A;}: signer ¢ can submit (at most once) an
approval action o’ := (i, A;;=1). Unconstrained counter-
factual reasoning quantify over all endogenous variables,
so one may intervene on variables such as P or (). In
our running context & we have (M, %) = E=1 and hence
(M, %) = B=1. Under an intervention that flips P, the
loss is prevented (M, @) = [do(P=1)] (B=0). Moreover,
under the same standing assumption (M, @) = E=1, flip-
ping @ also prevents loss, since P = fp(E,Q) yields
P=1 when E=1 and Q=1 (M, u) | [do(Q=1)] (B=0).
These interventions are legitimate but they do not represent
executable options: neither P nor () are controlled by any
signer.

To model the availability constraint, we introduce an en-
dogenous variable W € {0,1} indicating that the pause
proposal is still live (this can be derived from other tim-
ing variables in the model). The approval action is enabled
only while W=1 and the signer has sufficient resources:
Gy (i, 0, p(i),I) = 1iff (7;(W) = 1 A (cost(a?) =< p(i),
where o = obs;(¥7) and ¥y = Solaq, (). Let the ini-
tial state be s = (i, p, ?), and suppose the initial valuation
Uo = Sol () satisfies To(TW) = 1 (the window is open).

We fix a signer 7. Under the set-once discipline, an i-
trace can write only A;, and it can do so at most once. Thus
in any intervened model reachable by an executable i-trace
we have Z?:1 A; <1,hence Q =0, P = 0, and therefore

B = 1 whenever k > 1. Consequently, fork > 1, (M, s) }=
(i) B. This formalizes the intended ‘no unilateral pause’
property: the loss outcome is not preventable by any single
signer.

Now let C' C {1,...,n} be a coalition with |C| > k. As-
sume each signer in C' has sufficient resources for a single
approval and, along the relevant execution, the window re-
mains open (i.e., each gate check sees W = 1). Let us pick
distinct 71, ..., € C and consider the set-once coalition
trace o¢ = (i1, Aii=1); - ;5 (ix, Ay =1). If 0¢ is ex-
ecutable from s, then in the resulting intervened model we
have Z?Zl A;j > k,hence Q@ =1, P =1 (since E = 1),

and therefore B = 0. Thus (M, s) = (C) —B. If instead
(W) = 0 (the proposal window is closed), then no ap-

proval action is enabled and therefore (M\ ,8) = (C)—-B
for every coalition C'.

S Meta-theory: Basic Properties

This section establishes the basic metatheory for the
feasible-counterfactual semantics. Lemma 1 validates that
trace evaluation is coherent (acyclic SCMs yield unique val-
uations under accumulated interventions) and, crucially, that
the set-once discipline induces an intrinsic horizon bound:
an agent or coalition cannot act more times than there are
unwritten controlled variables available. Lemma 2 confirms
that the coalitional modality behaves monotonically: enlarg-
ing a coalition cannot reduce its feasible options. Lemma 3
and Corollary 1 establish a robustness principle: enlarging
an agent’s resource endowment cannot eliminate an option
that was already feasible. Theorem 1 is a conservativity



result. Under the trivial-feasibility conditions for agent ¢,
where every i-action is enabled whenever its target variable
is still unwritten and all such actions have neutral cost, fea-
sible achievement corresponds to existence of an ordinary
SCM intervention over a subset of endogenous variables
controlled by 7. Finally, we conclude with an NP-complete
result for bounded-horizon feasibility (Theorem 2), which
reflects that witnesses are short and checkable. Throughout

we fix a deterministic acyclic an R-SCM M as in Section 4.
Lemma 1. Ler s = (4, p, I) be a state.
1. Soly, (@) exists and is unique.

2. If s 5 (i, po, 1), then I, is uniquely determined by s
and o.

3. If o is an executable i-trace from s (i.e., every action in
o is of the form (i, X:=x)), then |o| < |C; \ dom([)]|.
More generally, if o is an executable C-trace from s then
lo| < |Cc\ dom(I)| where Co == U ;e C;-

O

Proof sketch. By assumption, M is deterministic and
acyclic, and so, M preserves acyclicity and determin-
ism, and admits a unique solution in #. Let us write
o = ag; -y, with ap = (ji, Xp=xz¢). By the set-
once discipline condition in Definition 5, each step satis-
fies X; ¢ dom(I;_1). Hence the cumulative update [; :=
I;—1 U{X; — x;} is well-defined and depends only on the
previous map and ay. It can be shown, by induction on ¢,
that I; is uniquely determined by the initial I and the prefix
a1 ; -+ ; oy, and therefore I, = I, is uniquely determined
by sand o.

Let o be an executable i-trace from s = (i, p,I). Each
action in o sets some X € C;, and by set-once condition
we never write the same controlled variable twice and never
write a variable already in dom(I). Thus there exists an
injection from the set of actions in o to the set C; \ dom([),
and so, |o| < |C;\dom(I)|. The coalitional case is identical,

with Co == Ujeccj‘. O

Lemma 2 (Coalition monotonicity). Let C C C' C A. For

any state s and event formula o, if (./\//T, s) | (C)p then
(M, s) = (C)e. O

Proof. Assume (M, s) = (C)p. Then there exists an ex-
ecutable trace 0 = «y; -+ ; o from s such that each
o = (js, Xpi=x;) has j; € C and if s 5 (4, po, 1)
then (My,_, @) = ¢. Since C C (', every acting agent
j¢ also lies in C’, so the same o is a C’-trace and witnesses

(M, 5) E (C")ep. O

To show that if an alternative was feasible for an agent,
then granting them additional budget or time or privilege
should not invalidate it, we compare states that agree on con-
text and accumulated interventions, and differ only in the
acting agent’s resource component.

Definition 12 (Monotone gates). Fix an agent i. For stores
p.p A= T, write p = p" iff p(§) = p'(j) for all

Jj # iand p(i) X p'(i), where < is the availability pre-
order induced by ® (Definition 1). For states s = (i, p,I)
and s’ = (d,p’,I) with the same (4, 1), write s =; s iff
p =i p'. We say the gates are monotone in the acting agent’s
resources if for every action a = (i, X:=x) and all states
s =%; 8, letting ¥ := Sola, (@) and o := obs;(¥), we have,
if Go(t,0,p,I) = 1then Go(d,0,p',I) = 1.

Lemma 3. Assume gates are monotone in the acting agent’s
resources (Definition 12). Fix an agent i and states s =
(u,p,I) and s = (u,p',I) with s =; s'. Let o =
Q1; -5 be an i-trace (i.e., each oy = (i, Xy=x4)).
If s % (ii,n,1,), then there exists a store /' such that
s 5 (d, ', I,). O

Proof. We prove the claim by induction on the length m =
|o|. The base case is when m = 0. Then o = € and
s = s. So I, = I and we may take ' = p/, giving
s' 5 (i, p/ 1) = (i1, L)

The inductive step is as follows. Write ¢ = «a;7 where
o = (i, X:=z) and 7 is an i-trace. Assume s — s; and
s1 = (i,n,I,), where s; = (i, p1, I1). By Definition 5,
we show that « is also executable from s’. Since s <; s/,
p(j) = p'(j) for all j # i and p(i) =< p'(¢). Hence there
exists some d with p; = p; ® d. Let ¢ := cost(a). From
p(i) = c®rand p'(i) = p(i) ® d we obtain p'(i) = (¢ ®
r) ® d. By associativity of ® (where defined), p'(i) = ¢ ®
(r®d), soc =< p/'(i). Thus a’s cost is payable from p’(7)
with residual ' == r @ d.

Moreover, X ¢ dom(/) holds as the intervention
map is the same in s and s’, and by monotonicity of
gates (Definition 12) we have, if G, (@,0,p,I) = 1 then
Go(t,0,p',T) = 1. Therefore by Definition 5 there exists
a sy = (4, p}, 1) with the same intervention-map update
I = TU{X — z}, and with p}(¢) = r" and p} (5) = p'(j)
for j # i.

By construction, s; and s} have the same (i, I;), and
p1(j) = pi(j) for all j # i while py(3) = 1 < 1/ = g} (i).
Hence s; <; s.

Now we apply the induction hypothesis to the suffix trace
T from s; <; s}. Since s; — (i, ), I;), there exists a store
n' such that s; = (i, 7', I,). Finally, composing the step
for a with the execution of 7 gives s’ % st = (0,7, I,),
ie.,s 5 (i,n,I,) as required. O

Corollary 1. Assume gates are monotone in the acting
agent’s resources (Definition 12). Let s =; s'. For every

event formula o, if (M, s) = (i), then (M\, s (i) O

Proof. Assume (M, s) E (i). Then there exists an i-
trace o such that s = (i,n,I,) and (M, , @) = ¢. By
Lemma 3, since s <; s’ there exists 7/ with s’ % (@, 7/, I).
It follows that (M, i) = ¢. Hence (M, §') |= (i)p. O

The following theorem shows that when feasibility is
trivial for agent ¢, the feasible-counterfactual modality col-
lapses to ordinary SCM intervention over endogenous vari-
ables that are controlled by i. The formula (i) holds ex-



actly when ¢ is true under some intervention map J with
(dom(J) C C;).

Theorem 1. Assume M satisfies trivial feasibility (Defini-
tion 9) for agent i. Then for every state s = (i, p, D) and

every event formula o, (M, s) |= (i) iff there exists J with
dom(J) C C; such that (M j,4) = . Moreover, any such
J can be witnessed by an executable trace that assigns each
X € dom(J) exactly once. O

Proof. Let us fix s = (u,p,0) and an event formula .

Assume (M, s) = (i)p. By Definition 8, there exists an
executable trace 0 = ay; - - ; a,, from s such that every
o = (i, Xpi=2;) with X; € C;), and if s 5 (@, py, L)
then (M, ,4) E .

Let J := I,. Therefore, every assignment recorded in .J
targets a variable in C;, hence dom(J) C C;, and so, J is
an ¢-control intervention (cf. Remark 1). Moreover, we have
(M ,4) = . This proves the forward implication.

In the other direction, assume there exists an in-
tervention map J with dom(J) C C; such that
(My, @) = ¢. Let us enumerate dom(J) =

X1,...,Xm} (with no repetition) and define the trace
o= (i,X1:=J(X1)); - ; (i, Xpn:=J(X;)). We show
that o is executable from s and that its cumulative interven-
tion map is I, = J.

Define Iy == () and I; == I, 1 U {X; — J(X;)} for
t = 1,...,m as in Definition 2. Since all X; are distinct
and Iy = (), we have X; ¢ dom(I;_1) at each step, so set-
once discipline is respected. We now prove by induction on
t € {1,...,m} that the ¢-th action is executable from the
state reached after the prefix of length ¢t — 1. Let s;_1 =
(i, pt—1, I;—1) be the state reached after executing the first
t — 1 actions (with sg = s). Consider oy = (i, Xy:=J(X})).
To apply the one-step rule (Definition 5) it suffices to check
X ¢ dom(I;—1), which holds by construction; and whether
Gat (ﬁa Ot—1, Pt—1, Itfl) =1

Let 0,1 = SOIMIF1 (@) and 04— = obs;(¥;_1) as in

Definition 5. By Definition 9 applied to ¢ in M\, and since
X; ¢ dom(l;_1), we have G, (@, 00—1, pt—1,Lt—1) = 1.
Trivial feasibility further provides cost(c;) = e. By Defini-
tion 1, e ® p;—1(7) is defined and equals p;—1 (7). Hence
taking r = p;—1(¢) suffices, and the updated store sat-
isfies ps(i) = r¢ = py—1(4), while pi(j) = ps—1(j) for
j # i. Thus s;_, —% s, for some s; = (d, pt, I;) with
I, = I, U{X; — J(X:)}. Therefore o is executable
from s, i.e., s = (@, P, Im )

It remains to identify the final intervention map.
By construction, I,, assigns exactly the variables in
{X1,..., X} = dom(J), and for each such variable X,
we have I,,,(X;) = J(X;). Hence we can take I, = I,,, =
J. Finally, since (M, @) = ¢, we have (M _, %) |= ¢. By
the definition of the Feasible-counterfactual modality (Defi-
nition 8), this witnesses (M, s) = (i)¢. O

Definition 13 (Bounded-horizon feasibility). Let ¢ be an
event formula, let C C A be a coalition, and let k € N be
given in unary. The problem FEASIBILITY}, asks whether,

from the initial state so = (i, p, ), there exists a C-trace
o= ;- am with m < k such that o is executable

from sg and if so = (i, po, I,) then (M, , i) = . O

We specify k in unary in bounded-horizon reachability
problem: a YES certificate is a trace of length at most &, so
unary k makes the certificate size polynomial in the input.
The interested reader may consult Chapter 5 of (Halpern
2016) and (Eiter and Lukasiewicz 2002; Aleksandrowicz et
al. 2017) for a discussion of computational complexity re-
sults for the Halpern-Pearl framework. We follow (Eiter and
Lukasiewicz 2002) for proving Theorem 2.

Theorem 2 (Bounded-horizon feasibility is NP-complete).
Assume that all endogenous variables have finite domains

and that M is acyclic. Further assume that each structural
Sfunction fy and each gate predicate G, is computable in
time polynomial in the input size, and that resource oper-
ations are polynomial-time decidable: given c,t, one can
decide whether ¢ = t and, when so, compute a residual r
with ¢ ® r = t. With k given in unary, FEASIBILITY}, is
NP-complete. a

Proof. We first show that FEASIBILITY; € NP. There
exists a nondeterministic algorithm which guesses a trace
0 = ag; - ; oy withm < k. |o] is polynomial in the
input size when k is given in unary, and under set-once dis-
cipline we may also assume m < |Ccl). It then verifies
executability step-by-step from sg = (@, p,{). For each
prefix I; induced by «g; --- ; a4, it computes the unique
valuation vy = Sol,, (@) by evaluating the acyclic struc-
tural equations in some topological order (which is polyno-
mial time since each fy is poly-time evaluable), checks the
gate predicate Gaiﬂ(ﬁ,obsitﬂ(ﬁt),pt(i),It) = 1 (which
is polynomial-time by assumption), and updates the resource
store by computing a residual after paying cost(c1) (poly-
time by the resource assumptions). After m steps it checks
(My,,, @) = . Hence FEASIBILITY, € NP.

To show NP-hardness, we establish a poly-time reduc-
tion from FEASIBILITY to SAT. Let ¢ be a CNF formula
over propositional variables x1, ... ,z,. We construct in
polynomial time an instance of FEASIBILITY, thatis a YES-
instance iff 1 is satisfiable. We begin by constructing an
SCM with Boolean endogenous variables Xi,...,X,,Y,
where X; = 1 (respectively 0) encodes the truth value of
x; (respectively —z;). Let Y = ¢(Xy,...,X,,), viewing
1) as the Boolean function obtained by interpreting each x;
as the value of X;. We take {{ = () and define an acyclic
SCM M by setting, for each j € {1,...,n}, X; == 0 and
Y = ¢(Xy,...,X,), where ¢ is evaluated as a Boolean
circuit on the valuation of (X,..., X,,).

Now let us consider a single agent ¢ with C; =
{X1,...,X,}, and for each j and b € {0,1}, the primi-
tive action (4, X;:=b). Let all actions be always enabled and
let all costs be neutral (cost(«) = e), with any initial store
p. Let the initial state be so = (p, ), and set the goal event
to ¢ = (Y = 1), and the horizon to k := n.

If ¢ is satisfiable, let ay, . ..,a, € {0,1} be a satisfying
assignment. Consider the trace o = (i, X1:=aq) ; --- ;
(i, X,,'=a, ). Every step is executable, and by construction



I,(X;) = aj for all j. Hence in the intervened model M
we have Y = ¢(ay,...,a,) = 1,50 (M1,) E ¢. There-
fore this instance is a YES-instance.

Conversely, suppose the instance is a YES-instance. Then
there exists an executable trace o of length at most n such
that (Mp, ) = (Y = 1). Let us define an assignment
ai,...,an € {0,1} by a; = I,(X;) if X; € dom(I,)
and a; = 0 otherwise. Under the set-once discipline,
each X is assigned at most once along o, so this is well-
defined. In M, the variables X; evaluate to a;, and since

Y = ¢(Xy,...,X,) we obtain ¢(ay,...,a,) = 1. Hence
1 is satisfiable. This reduction is polynomial-time, and
therefore FEASIBILITY, is NP-complete. O

6 Conclusion

We have characterized an intervention—feasibility gap in
the Halpern-Pearl (HP) structural-model of actual causation.
The proposed R-SCMs (Definition 7) address this by a sepa-
ration of concern. On the one hand, dynamics — what would
follow from a hypothetical intervention — is still determined
entirely by the HP structural equations in the intervened
model M;. On the other hand, procedural feasibility —
what an agent or coalition can actually bring about under op-
erative time, authority, coordination, and policy constraints
— is made explicit via agent-specific controlled variables
together with operational enablement conditions (gates) and
consumable resources.

An R-SCM can be viewed as a pair of orthogonal lay-
ers that interact only through the evaluation points induced
by cumulative interventions. Given a context « and an in-
tervention map I, the dynamics layer is exactly standard
Halpern-Pearl evaluation in the intervened SCM, yielding
the unique valuation U1 = Solas, (@) and hence truth of
events (My, %) = . Independently, the feasibility layer
is the labeled transition system on states s = (,p,I)
generated by the one-step rule (Definition 5), where en-
abledness of a primitive action @ = (i, X:=x) is de-
cided by the gate predicate evaluated at the agent’s infor-
mation o = obs;(U7) together with the current store p.
This makes responsibility (and thus preventability) and re-
course claims audit-capable — one exhibits a concrete en-
abling sequence — while remaining compatible with tradi-
tions that begin from an action signature with preconditions
and effects (Tran and Baral 2004; Hopkins and Pearl 2007;
Batusov and Soutchanski 2018; LeBlanc, Balduccini, and
Vennekens 2019; Liu and Belle 2025).

The resource component is substructural in a minimal se-
mantic sense: feasibility is tracked in a partial commuta-
tive monoid (7, ®, e), so resources compose and exclusiv-
ity is enforced by the partiality of ® — the same mathemat-
ical device used to model disjointness in BI and separation-
logic semantics (Ishtiaq and O’Hearn 2001; Reynolds 2002;
Pym 2019; Gheorghiou and Pym 2023). In consequence,

feasibility witnesses are semantic certificates: (M\, s) E
(C)p is witnessed by an explicit executable trace o such
that (M, ) = ¢.

Because the witness is already operational, it is natural
to internalize it in a proof system. We hypothesize that a

Bl-inspired system (Ishtiaq and O’Hearn 2001; Pym 2019;
Gheorghiou and Pym 2023) can internalize this witness as
a two-context judgment with a structural fact context and
a substructural resource store, and derive a frame princi-
ple stating that resources not touched by a certificate can
be carried along unchanged (when compatible): any deriva-
tion yields a concrete trace o with (i, p, 1) = (i, p’,I')
and (Mp/, %) = . Such a calculus is conjectured to sup-
port a Bl-style frame principle — resources not mentioned
by a certificate are irrelevant and may be carried along un-
changed — thereby aligning with interface-level systems
modeling where procedures and controls are explicit de-
sign elements (Chakraborty, Caulfield, and Pym 2025b;
Chakraborty, Caulfield, and Pym 2025a). Such certifi-
cates suggest a lightweight tooling path for feasibility and
preventability claims, to be incorporated with machine-
checkable proofs, and verified independently (or synthesized
via SAT/SMT back-ends) as artifacts that can be audited.

We focus on deterministic acyclic SCMs and bounded
traces to keep counterfactual evaluation unambiguous and
obtain crisp complexity bounds. Natural extensions in-
clude richer (possibly ownership-tagged) resource algebras
for shared or global exclusives, non-commutative composi-
tion for ordered workflows, and epistemic or probabilistic
constraints so feasibility is evaluated relative to what agents
can observe or infer. The conceptual recipe remains the
same: an SCM M constitutes the causal substrate while ad-
ditional structure refines the admissibility layer that governs
which counterfactual alternatives count as feasible.
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