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Increasing returns to city size

e \We have seen that our model has two sectors,
Industry and services

» Industry Is assume to have a competitive
market structure with constant returns to scale

 Services are under monopolistic competition
with internal increasing returns to scale
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Increasing returns to city size

outcome Is the nonlinear relationship between the
level of industry output (Q) and city size (N)

Bigger cities are more productive

the same relationship iIs also an outcome of a different
tradition in urban and regional economics, that which
has been strongly influenced by people such as
Keynes and Kaldor

Fingleton B (2001) ‘Equilibrium and economic growth : spatial

econometric models and simulations’ Journal of Regional Science, 41
117-148
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Increasing returns to city size

Ez(r)l “1“ =[xi(D)" 41 = x%i(?)
O=M"I"F M is industry labour
X N is total labour = city size

Output Q a nonlinear function
— D
Q=¢N Of city size N

y=1+1-p)(u-1)

|

Importance of industry labour
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Increasing returns to city size

Nonlinear
Q=¢N’
_ Take natural logarithms
InQ_l|n¢+7/ln N loglinear
In 1 Productivity
@/ N) = M2 1771 1119) (quawages)
/4 A A function of city size (Q

p—
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Evidence: UK local authorities

Log wage rate

=
EI

5 UNIVERSITY O

Department of Land Economy




Log empl. per sq km wages (In)
District.shp
[]1.116-3.162
[ 3.162-4.435
4.435-5.589
I 5.589-6.895
Il 6.895-11.612

District.shp
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Micro-foundations

* In order to understand how we combine the
two production functions to arrive at the
loglinear relationship between Q and N

 We need to examine the assumptions being
made about firms’ production more closely

 \We need to examine the micro-foundations of
our theory
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Micro-economic foundations :
Industry

« Commence with the industry profit function

* Industry revenue equals price on the world
market P times amount produced Q

* Industry costs equal wages w times number of
workers M plus the prices of each service input
p(t) times the amount of each service used I(t),
added up across all x services
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Micro-economic foundations :
Industry

[T =P Q—(wM +ZX: p.I(t))

\ J _
\_ t=1

T ¥ N

profit revenues COStS

Pm is set by world market conditions and is treated as a constant
Q Is subject to diminishing returns to I, so as | increases, as a
result of i(t) increasing, there Is a less than proportionate increase in Q

O = MPIP
The increase In costs as a result of an increase in i(t) is linear
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Industry Profit Maximisation

Constant returns to scale but
diminishing returns to each input

— MPTP

Q is subject to diminishing returns to I, so as | increases, as a
result of i(t) increasing, there is a less than proportionate increase in Q

35

3k

Diminishing returns to |
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Industry Profit Maximisation

competitive sector profits Il rise to a maximum then fall as the quantity i(t)
Increases, assuming a given price p; . This is the outcome of profits equal to revenue
minus costs, where revenue is a nonlinear function of i(t) while costs are a linear
function
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Industry Profit Maximisation

low price Pt

revenue ond cost versus quantity

high price Pt
revenue ond cost versus quantity reven Ue (Same

N’

revenue
0 cost
- rofit .~ COSt - (higher)
g
45,4 // 45.9
///
.u( """" mlq_’{f_ !Qf!;t 5 6 1 & 4 10
max profit
demand (i(t)) —— demand (i(t))
Higher price, higher cost
Lower profit 5 UNIVERSITY
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Industry Profit Maximisation

At any given price p; there is an amount i(t) which is demanded by the competitive
sector that is consistent with profit maximization in that sector

profit

. profit maximising quantity demanded maXi m iSi n g?ﬁ”' demand function

| A .

0] o rice |(t) o i(t) = kpt—(#/(ﬂ—l))
P rOfit B %1 ; 1:25:
Hm Z 100

nighpric :

Demand i(t) Price pt

As price goes from low to high, profit max. demand falls
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Industry Profit Maximisation

profit maxmising quantity demanded
12 /;j\
SN
ol1 SN
10. \\
m 9. \ ™~
— O Hm & \\\\
- N
7. N,
oi(t) \
g \
\,
ﬁ- \
| \

Maximum profit is where slope of profit/demand curve
Falls to zero

Gives the i(t) at which industry

Profits maximised

This clearly depends on price Pt
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Olln _ 11255 _
3 = i(t) - [kpr']#t =0

1,75
A
= z % \
— (1) ¢ N
1.5 \
™
1.00

|
~

O
=
LN

i(t)

Profit maximising demand for services depends on thgir price
As price increases, demand falls

So we see a mathematical relationship between

Price and demand, we use this demand function subsequently
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Micro-economic foundations :
Services

Under the model, each firm produces a different variety
The reason is due to the fixed costs incurred by each firm

There is no point in splitting a variety between different
firms

— each would incur the fixed cost

— the level of output of each firm would be smaller

— small output means average costs higher

Hence it Is better to produce each variety in a single firm
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Micro-economic foundations :
Services

101

B-
= labour
61 / a=slope

a = variable labour requirement

4
Average cost
21 , <
_ curve
s = fixed /
labour o2 4 & 8 10
X

requirement
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Micro-economic foundations :
Services

Should firms with internal increasing returns keep
Increasing in size indefinitely, since bigger means better?

Is there an equilibrium size to which they converge?

Increasing output increases costs as well as revenues

— Revenues increase because sales are higher, but costs increase
because more workers are employed

So, there is an equilibrium service firm size at which
profits are at a maximum
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Services Profit Maximisation

7 = pi(t) —wL

= pJ(t) —w(ai(t) +s)
W_/ \_ )
Price times quantity sold T

Equals revenue Wages times labour
Equals costs
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Services Profit Maximisation

101
8
= labour
61 / a=slope
a = variable labour requirement
4.
2_
s = fixed /
labour o2 4 6 8 10
X

requirement
Output i(t)
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Services Profit Maximisation

L = s +ai(t)

s - fixed labour requirement
a — marginal labour requirement
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Services Profit Maximisation

i(t) =kp, M=) Demand function
(from Industry profit max.)

= pJ(t) —w(ai(t)+s) Profit function

—(p/(u-1)) —(u/(u-1))

- W(ak Py

T

Profit function after substituting for i(t)

T = ptkpt +5)
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Services Profit Maximisation

—(ul(p-1)) —(ul(p-1))
T = ptkpt _W(akpt +5)

Profit versus price, with other terms held constant

w=1,a= 1slk10ﬂ 1.5

0ad |
024 | ' p
| N :

o7
0.2
04|

-0.64|

~ — = 0 = T

Sk
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price

profits are at a peak at p: = 1.5 = way 5 CAMBRIDGE
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Services Profit Maximisation

—(ue /(1)) —(ue /(1))
7 = PKp, —w(akp, +)

Finding the profit maximising price

Or
= =pt—wau =0 ‘
oD, Pt M

Pt = Wapu

' W “-
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Services Profit Maximisation

« Under monopolistic competition we see that prices are wau
so not equal to marginal cost (wa) but higher.

 Since all these three terms wau are constants, the price
charged by all firms is the same, equal to pt, so they all
have identical demand and output.

 This is known as mark-up pricing, since the marginal cost
of producing an extra unit of output is wa, and the price the
firm charges is a mark-up on this marginal cost by the
factor u
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Services Profit Maximisation

« We assume that there Is free entry and exit from
the market.

« Each new firm that enters provides a new variety
of service, so that industry allocates spending over
a wider and wider spectrum of services

« Each variety Is a substitute for each other, so the
entry of new varieties implies that existing service
firms have their profits eaten into by the advent of
the new varieties
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Services Profit Maximisation

« This process of entry of new varieties continues
until profits fall to zero. In fact the zero profit
position Is an equilibrium. If profits are negative
then firms exit and profits rise to zero

 This zero profit situation Is an equilibrium and
defines the equilibrium firm size
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Services Profit Maximisation

The level of output at equilibrium

With free entry under monopolistic competition, profits are
Driven down (or up) to zero

7= pI(t)—w(ai(t)+s)=0
But we know the price P, =Wau

So we can substitute to get the size of the typical firm
At equilibrium
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Services Profit Maximisation

= pd(t)—w(ai(t)+s)=0 Zero profits at equilibrium

p,i(t) = w(ai(t) +5s) rearrange

wagi(t) = wai(t) + ws Substitute for price

wagd(t) —wai(t) = ws rearrange
(u—1)wali(t) = ws rearrange
i(t)=— > __ 3 Equilibrium output

(t—Dwa a(u-1)
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Services Profit Maximisation

 Equilibrium output is positively related to
the fixed labour requirement s

— As fixed costs rise, so does the equilibrium
output of the service firm

— The reason Is that higher fixed costs s
Introduces more scope for reaping scale
economies, producing on a larger scale will
reduce the impact of the fixed cost
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Services Profit Maximisation

« High variable labour requirements a reduce the
output level

— This Is because increasing a increases the marginal
cost of producing at any level of output

 Finally, increasing u reduces the output level

— As uincreases, we have more product differentiation,
and stronger monopoly power, so the market has a large
number of small producers
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Increasing returns to city size

* Now we are In a position to show how
merging the two production functions, one for
Industry and one for services, gives us the
Increasing returns to city size function

| = [xi()Y#]" = x“i(t) — Q=M"1""

Q=¢pN’
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Increasing returns to city size

» The point Is that each service firm has the same
output i(t), since the determinants of equilibrium
output s, a and u are constants

 This means they each have the same labour force L,
since
L=ai(t)+s

* so If we know the total services labour force, dividing
by the constant size L of the typical firm will give us
the number of firms
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Increasing returns to city size

In the Cobb-Douglas f is the share of total employment
N that works in industry, that is M = SN

So 1- f is the share that works in services

So dividing total services employment (1- 5)N by the size
of each firm gives the number of service firms x

(1- /)N

ai(t) +s

X =
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Increasing returns to city size

Industry p.f. Q=M’1**
Services p.f. | = x“i(t)
substitute Q=M"(x“i(t))"”
Q — M ﬂxu—uﬂi(t)l—ﬂ
Find number of X = (1_—ﬂ)N
service firms ai(t) +s
M = BN
Q=N ﬂ+u—uﬂﬁﬂ (ai(t) 4 S)u(ﬂ—l)i(t)l—ﬁ (1_ IB)—u(ﬂ—l)
Rearrange Q=N""#g
and simplify Q = pNFEAND _ yN7
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Increasing returns to city size

Nonlinear
Q=¢N’
_ Take natural logarithms
InQ_l|n¢+7/ln N loglinear
In 1 Productivity
@/ N) = M2 1771 1119) (quawages)
/4 A A function of city size (Q

p—
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Evidence: UK local authorities

Log wage rate

=
EI
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Log empl. per sq km wages (In)
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