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Abstract

Introduction One of Frege's greatest contributions to logic
was to extend the meaning of the word !'function' further than
previous writers, I explore some of the ways in which his theory
of functions can be applied to natural language.

Chapter 1 Frege's notion of an unsaturated expression is best
understood in terms of - what Geach calls - a linguistic
function, I investigate the consequences of such an
Interpretation,

Chapter 2 Geach's exegesls contains a lacuna, since there
exist pathological linguistic functions which are not unsaturated
expressions., Implicit in Frege's writings 1s a criterion for
excluding these,

Chapter 3 It appears as 1if Frege's account of unsaturatedness
is brought into question by the paradox of the concept horse.
Both Geach and Dummett present solutions to this, but there are
further difficulties in their solutions, I show that a sensible
theory can be constructed in which expressions like 'the concept
horse' are treated as genuine singular terms,

Chapter U4 The nexus of ideas involved in Dummett's
distinction between simple and complex predicates is a distortion
of some of Frege's most important insights. Dummett's views need
to be rebuffed because they diminish the importance of the notion
of a function in Frege's thought and in loglc generally.

Chapter & Extending and generalising Frege's distinction
between functions of different levels and between functions with
different types of arguments results in the notion of a
categorial grammar, But the syntactic coherence of all unified
expressions cannot be justified by ideas derived from Frege.
Geach and Potts extend the rules acceptable within a categorial
grammar, but their rules are an unsatisfactory solution to these
problems,

Chapter 6 In order to prepare the way for a better solution
the system of combinatory logic - and the theory of functionality
in particular - is presented. This is done gently, because of
the prejudice agalinst combinatory logics It is hoped that others
wlll be encouraged to investigate the combinatory grammar that I
introduce,
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translation. In his critical study of Baker and Hacker's Frege,
Dummett protests agalnst their 'practlice of referring to Frege's
works solely by citing page numbers of English translations' ("An
Unsuccessful Dig", p.377, footnote 1), Because of this I have
declded to refer to Frege's works by cltlng the page numbers of
the German originals., In the case of books, I often refer to a
particular Sectlon just by glving lts number, rather than also
Including expliclt page numbers, In the case of the Preface to
Begriffsschpift I just to refer to 1t as that., It is fairly
short, so no one should have any difficulty locating my
quotations,

There are a number of differences between the first and second
editlons of Dummett's Frege., All of the passages that I elther

quote or refer to, however, are the same in both editions,
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List of Notations

All frequently occuring notations are included here, except for
familiar symbols like '+' for additions Also not included are
localised ad«hog« notations which only occur a very small number
of times« Some symbols are "overloaded" in the sense that they
have several uses, but no confusion should arise as different

uses of the same symbol never occur in the same contexts

Fregean Symbols

'} ;S Argument=-place holders for complete
expressions.

? ,('/’ Argument-place holders for predicates and
functional signss

Ayl A Arbitrary complete expressionss

3,V Arbitrary predicates or functional signs.

J)__ Arbitrary second-level expressions

A Bound variable in the second-level quantifier.

o(,E Bound variables in the abstraction operators

*’ Bound function variable.

! Assertion sign.
----}' Horizontals
- Negation sign.

\E Substitute for the definite article.
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Categorial Grammar Notations

The category of singular termss

The category of propositionss

The category of all complete expressions (as
Frege's Begriffsschrift where singular terms
and propositions are not distinguished).

The type of objectss

The type of truth-=-values:

Arbitrary categories or types.

Empty lists

The list consisting of x, y, 2, s
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Combinatory Logic Notations

Combinatorss

Arbitrary obss

Functional application.
Arbitrary relations between obss
The functionality primitive.

Constructor for names of functional characters
and valency names.

Arbitrary functional characters or valencies.
(a) One-step reduction. (b) Constructor for
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Named Combinatory Logic Rules

(R) a R as

(S) If aRb, then b R a.

(T) IfaRband b Rec, then a R c.
(M) If aR b, then (c a) R (c b)«

(N) If aRDb, then (a c) R (b c).

(Fe) If X: 1xy and Y: y, then (X Y): X«

(F1) If L, X: x |- Y :y, and if X: x does not occur in L,
then L |- [X] Y :1yxa
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Introduction

Orientation

In this thesis I look at Frege's views about the structure of
formalised language and how they can be applied to natural
language. Those views are presented most explicitly in
Grundgesetze, where they are used to generate a second-order
language, but Frege's formation rules are very different from
those that a present-day logician would use. They make essential
use of what he callé unsaturated expressions and many people find
these mysterious, 1 argue that unsaturated expressions are
linguistic functions, that is to say, functions whose values and
arguments are either linguistic expressions or other linguistic
functions. Understanding them in this way removes much of their
mystery.

The main proponent of such an interpretation is Geach and yet
there is a lacuna in his account. Whereas all unsaturated
expressions are linguistic functions the converse is not true.

I dub these awkward linguistic functions pathological and show






3
expressions as Frege's Begriffsschrift.<1> This is the obvious
way in which to apply Frege's views to natural language, but one
of the conclusions of the present work is that it leads to
unacceptable consequences in both of their accounts. This is
because neither of them can account in a satisfactory way for
combination problems. A simple example of such a problem is the
use in natural language of conjunction to combine two predicates,
as in the sentence 'Bucephalus is a horse and neighs'. This is
problematical because conjunction is an operator which makes a
sentence out of two sentences. Dummett solves this kind of
problem by distinguishing between two types of non—grammatical.
analysis of sentences - which I call the logical and the semantic
- and by including ideas typical of combinatory logic in his
account of logical analysis. I show, however, that his arguments
for distinguishing between these two types of analysis are faulty
and so he has not succeeded in accounting for all the combination
problems. The use bf combinatory ideas is, however, to be
applauded.

Applying Frege's insights to natural language leads Geach to
develop a categorial grammar (which Potts has further
elaborated). 1In this the various combination problems are solved
by adding a number of extra grammatical rules. I show that these

violate the basic assumptions of that grammar and so this attempt

<1> Throughout this thesis I refer to Frege's formalised language
as the Begriffsschrift. There are differences between the
Begriffsschrift of Begriffsschrift and that of Grundszesetze.
No confusion should arise, however, because apart from
talking about it in this Introduction I hardly ever mention
the earlier work.
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to extend Frege's ideas also fails.

This thesis ends with my own account of how Frege's ideas
should be applied to natural language. This involves rejecting
the assumption that natural language contains at least the same
multipliecity of unsaturated expressions as Frege's
Begriffsschrift. Instead, I take seriously a position which has
much in common with Frege's view that expressions like 'the
concept horse' are genuine singular terms. This position is
formalised in combinatory logic which is expressed in a language
that contains no variable-binding operators and in which there is
only a single unsaturated expression. In such a logic it is
possible to solve all of the combination problems in a
satisfactory way. And as combination problems do not arise in
languages with variable-binding operators, all of Frege's
insights into such languages are retained.

Combinatory logic is not invoked as a deus ex maghina just to
solve the combination problems. Dummett, Geach and Potts all
make use - with various degrees of awareness that they are doing

so - of combinatory ideas. What I show is that it is essential

to do so in order to solve these problems. Thus, the main
conclusion of the present work is that if you begin with the idea
that the way in which the expressions of a language combine
should be understood by analogy with the way in which a function
combines with its argument to yield its value, then the way in
which this idea works out in the case of a formalised language
with variables is different from how it works out in the case of

a natural language. In the case of a formalised language - such
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as Frege's Begriffsschrift - it results in a system which makes
use of a multiplicity of unsaturated expressions, whereas - in
the natural language case - it results in a system which uses

only a single unsaturated expression.

Background

Frege was a logicist. He believed that arithmetical notions
could be defined in terms of purely logical ones and that the
laws of arithmetic could be derived from logical laws.<2>
The main goal of his academic life was to try and carry out this
logicist programme.<3>

The first step he took in this programme was 'to reduce the
concept of ordering-in-a-sequence to the notion of logical
ordering' (Begriffsschrift, Preface). The details of the
construction he used need not concern us here. What is important
for the present study, however, is the formalised language that
he felt himself compelled to devise in order to carry out his

derivations. By his own account he first tried to write proofs

<2> As Dummett points out on p.6 of The Interpreta f Fr
Philosophy Frege considered arithmetic to consist of the
theories of cardinal and real numbers.

<3> I thus agree with Baker and Hacker when they write that
'Frege's avowed primary goal was to substantiate the logicist
thesis that arithmetic is part of pure logic. Everything
else he did was peripheral' (Frece, p.8). There are,
however, a lot of valuable insights in those peripheral
aspects of his work.
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in natural language, in which - no doubt - he included familiar

arithmetical notations (ibid.). But, he found that so formulated

the expressions he needed to manipulate became so unwieldy and
imprecise for his purposes that it was not at all clear whether
in an attempted proof of an arithmetical proposition from logical
ones some non=logical assumptions had been used.<i> Thus, his
desire to carry out the logicist programme led him to the notion
of a gapless proof and to a language in which such proofs could

be constructed. He says of the Begriffsschrift:

its chief purpose should be to test in the most reliable
manner the validity of a chain of reasoning and expose each
presupposition which tends to creep in unnoticed, so that its
source can be investigated. For this reason, I have omitted
the expression of everything which is without importance for
the chain of inference. (Ibid.)

The formalised language that is familiar to all readers of
Begriffsschrift was not Frege's first attempt at constructing a

Begriffsschrift:

In my first draft of a formula language, I was misled by
the example of [ordinary] language into forming judgements by
combining subject and predicate. I soon became convinced,
however, that this was an obstacle to my special goal and led
only to useless prolixity. (Begriffsschrift, Section 3.)

The special goal mentioned here must be that of devising a

<4> Here and throughout this thesis I use the word 'proposition’
in the same way as Geach does, namely, 'for a sentence
serving, as grammarians say, to express a complete thought,
to say what is or is not so, rather than for the thought so
expressed' ("Names and Identity", p.139).
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formalised language in which the way in which propositions are
represented clearly reveals their inferential properties and in
which those aspects of a proposition that are irrelevant to its
inferential properties are not depicted. Thinking of
propositions as composed of a subject and predicate makes it
difficult to distinguish between singular terms and quantifiers
(as Frege himself mentions in Section 9) and it is probable that
he realised the inadequacies of the first draft when he came to
deal with quantifiers, and especially with propositions involving
more than one sign of generality.<5>

Although he had been misled by it, at this stage of his career
he was not as critical of natural language as he later became.
He does not see natural language and the Begriffsschrift as being
rivals. They are languages that are suited to different
purposes, Natural language is a general-purpose language,
whereas the Begriffsschrift reveals the inferential properties of
the propositions expressed in it. Frege compares the

relationship of natural language to the Begriffsschrift with that

<5> In the quotation, Frege actually talks of forming _judgments =
and not propositions - by combining subject and predicate.
When he wrote Begriffsschrift he was not as careful about
distinguishing between the use and the mention of a sign as
he later became. So, it is not always clear whether he is
using the words 'subject' and 'predicate' as though they
applied to linguistic items or to certain non~linguistic
entities. In Section 3, for example, he writes: 'If one
says, "The subject is the concept with which the judgement is
concerned.", this applies also to the object.' Here,
'subject! must be understood as dealing with something non-
linguistic. My comments on Frege in the text are justified
by the way in which he discusses the examples he introduces
in Section 9 and by the ways in which he introduces the
universal quantifier in Section 11. (I always use the terms
'subject' and 'predicate! to refer to linguistic items.)
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of the eye to a microscope. (Begriffsschrift, Preface.)

It should be mentioned that Frege regarded the Begriffsschrift
as a language. For him it was something to be used. He looked
forward to a time when - by adding extra signs relating to
different disciplines - the Begriffsschrift would be a unifying
framework for existing formalised languages (and he specifically
mentions those of arithmetic, geometry and chemistry in this
connection) and a springboard for the formalisation of other
disciplines (such as pure kinematics, mechanics and physics,
ibid.). This is an important point because later workers in the
field of mathematical logic have treated formalised languages as
obijects of study. 1If they are used at all, it is by beginning-
students and in order to prove formally a few results that are
necessary for the informal proof of metamathematical results.

The most important fact about the Begriffsschrift for the
present study, however, is that the model that Frege used for the
formation of propositions in it was that of the application of a
function - as understood in its maﬁhematical sense - to its
argument or arguments in order to yield a value. Closely related
to this is the fact that Frege also explained the way in which
the extra-linguistic correlates of the constituents of a
proposition combined together by analogy with the way in which a
function combined with its argument or arguments to yield its

value.<6> Frege was very aware of the innovative nature of this.

<6> I do not think that it is possible to say which - if either -
of these had the priority in Frege's thought at this time, or
even if they were clearly separated at all times in his
thinking, because he tended to mix up use and mention in the
early part of his career.
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In the Preface to Begriffsschrift he justifies the novel features
of the Begriffsschrift by saying that he was 'driven by a

necessity inherent in the subject matter itself' and he adds:

These deviations from the traditional find their justification
in the fact that logic up to now has always confined itself

too closely to language and grammar. In particular, I believe
that the replacement of the concepts of subject and predicate
by argument and function will prove itself in the long run.<7>

This innovative use of function theory profoundly influenced all
of Frege's philosophy. Dummett is correct in saying that Frege
cannot be properly understood unless you place him in his epoch
and one of the things that Dummett means by this is that one
needs to be aware of what was known and what was not known when
Frege was writing (The Interpretation of Frege's Philosophy,
p.xvi). Although I agree with Dummett on this point, I think he
is wrong to single out Frege's discovery of the notation of
quantifiers and variables as being the discovery which dominated
all his subsequent thought (Frege, p.8). Frege's discovery of
this notation was just one instance of his more general extension
of the notion of a mathematical function. We must not_read the

usual modern understanding of quantifiers into Frege's writings.

<7> The mention of 'language'! and 'grammar' here strongly
suggests that 'subject' and 'predicate' are to be understood
as referring to linguistic items and, therefore, that
'function' and 'argument' should also be so understood. The
next sentence, however, is: 'It is easy to see how regarding
a content as a function of an argument leads to the formation
of concepts.! Here !'function' must refer to something non-
linguistic., This shows that linguistic and extra-linguistic
concerns were not always clearly separated in Frege's thought
at this time.
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For Frege a quantifier was a specific example of a functional
sign and what it referred to was a particular type of function.
Thus, in the case of quantification over objects, the quantifier
involved refers to a function which maps a concept to a truthe
value, Quantification is not usually understood like this in
modern treatments of first-order logic (but it is understood in a
very similar way in illative combinatory logic) .<8>

There is quite a lot of textual evidence in Frege's writings
(from various stages in his career) to justify the claim that
what really dominated his thinking was the way in which he
extended the meaning of the word 'function', 1In addition to the
remarks from the Preface to Begriffsschrift that I have just
quoted I would just like to mention two other passages in his
work.

In his paper "Function and Concept" Frege discusses how the
meaning of the word !'function' has been stretched as mathematics
has progressed and he identifies two directions in which this has
happened: (a) Mathematioians have added such operations as
taking the limit of a series and functions that can only be
expressed in ordinary language to the usual mathematical
functions of, for example, addition and exponentiation,

(b) Complex numbers have been added to the class of allowable
arguments and values of functions. He then says: 'In both
directions I go still further' (p.12) and he spells this out by

mentioning how he has extended both the class of signs that can

<8> I thus agree with Baker and Hacker when they write: !'There
is no doubt that the key to Frege's achievement lay in his
extension of function theory to logic' (Frege, p.15).
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be used to make up functional signs and the class of entities
that can be both the values and arguments of functions, For
example, to the first class he added the signs '>', '<' and '=!
(amongst others) and to the second class he added the truth-
values and human beings (as well as other entities)., It is
important to note that although Frege does extend the notion of a
function in these ways, he has a distinct reluctance to make use
of functions that can only be expressed in ordinary language.

The final passage that I want to mention in order to establish
the importance of function theory on Frege's thought occurs in
the posthumously published fragment "What may I regard as the
Result of my work?" In that fragment, he answers the question

which is its title as follows:

It is almost all tied up with the concept-script. a concept
construed as a function. a relation as a function of two
arguments. the extension of a concept or class is not the
primary thing for me. unsaturatedness both in the case of
concepts and functions. the true nature of concept and
function recognized. (P.200. The original punctuation has
been retained.)

(Although he goes on to say that he probably should have first
mentioned the judgment-stroke and the dissociation of assertoric
force from the predicate, this quotation shows that his first
thoughts in response to the question concern functions.) These
passages also show that Frege applied function theory both to

language and to the extra-linguistic correlates of expressions.

His understanding of the latter changed over the years, because

he did not always distinguish between sense and reference.
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essence of functions as these occur in the realm of sense and
does not explicitly state the same things about functions on the
linguistic and ontological levels., For example, much of what he
says about negation in "Negation" applies explicitly only to the
function in the realm of sense which makes thoughts out of
thoughts. 1In particular, the remark that double negation can be
construed as the amalgamation of two such functions, made on
p.156, is made in regard of what happens in the realm of sense.
I have felt justified to assume that he also thought that the
linguistic negation operator could combine with itself to form a
function that turned a proposition into its double negative.

Having stated the principle of parallel interpretation and
having given an example of its use it only remains for me to
establish its correctness., Arguing against the view of Marshall
and Grossmann that Frege did not apply the word 'Sinn' to
incomplete expressions and that when he applied the word
'Bedeutung' to them this has to be understood in the ordinary
English sense of '"meaning', Dummett conclusively shows that Frege
did distinguish between sense and reference in the case of
incomplete expressions.<11> Not only did he do this, but he also
thought that the senses and referents of incomplete expressions
were themselves in need of supplementation. In the case of the

referents of unsaturated expressions he explicitly writes:

<11> Frege, pp.20Uff. See also the following articles: Marshall
"Frege's Theory of Functions and Objects", Grossmann
"Frege's Ontology" and Dummett "Frege on Functions: A
Reply" and "Note: Frege on Functions".
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The peculiarity of functional signs, which we here called
'unsaturatedness', naturally has something answering to it in
the functions themselves. They too may be called
'unsaturated' and in this way we mark them out as
fundamentally different from numbers ("What is a Function?",
p.665).<12>

Similarly, in the case of the senses of functional signs Frege

writes:

If we call the parts of the sentence that show gaps
unsaturated and the other parts complete, then we can think of
a sentence as arising from saturating an unsaturated part with
a complete part... To the unsaturated part of the sentence
there corresponds an unsaturated part of the thought and to
the complete part of the sentence a complete part of the
thought, and we can also speak here of saturating the
unsaturated part of the thought with a complete part... Each
of the sentence-parts

"1 is greater than 2 " and "1lis greater than 2"

can also be seen as put together out of the proper name "1%
and an unsaturated part. The corresponding holds for the
related thoughts.<13>

And again, in "On Concept and Object™ he writes that:

the sense of the phrase 'the number 2' does not hold together
with that of the expression 'the concept prime number'! without
a link. We apply such a link in the sentence 'the number 2
falls under the concept prime number'; it is contained in the
words 'falls under' which need to be completed in two ways -

<12> See also "On Schoenflies: Die logischen doxi d
Mengenlehre", pp.191-192.

<13> "A Brief Survey of My Logical Doctrines", pp.217-218. 1In
the first sentence of this quotation the translation
actually has '... saturating a saturated part with a
complete part ...' This is an incorrect rendering of the
German and I have altered it in the text.
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by a subject and an accusative; and only because their sense

is thus 'unsaturated' are they capable of serving as a link.
(P.205.)

These passage clearly show that Frege used the same terminology
of functional signs, their senses and their referents. He
applies, for example, the expressions 'unsaturated' and
'incomplete' to the functional entities on all three levels.
Moreover, they show not only that, but also that Frege conceived
of the combination of an unsaturated item with a saturated one on
each level in the same terms. He would not have done this if he
had radically different ideas about the modes of combination
involved on each level.

The principle of parallel interpretation only applies to what
is true of a functional sign (or its sense or its referent) in
virtue of its being unsaturated or incomplete. There are many
things that are true of a functional sign that are not true of
its referent, say. For example, linguistic negation is an
operator which makes a proposition out of a proposition.

Clearly, the referent of linguistic negation does not do this as
well. For Frege it maps truth-values into truth—values. But if
we can establish that when predicated of ontological negation the
word 'unsaturated' is used to indicate that it is a function,
then we can conclude by means of the principle of parallel
interpretation that linguistic negation is also a function. This
principle is quite useful and I need it at several places in what

follows.
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Chapter 1: Unsaturated Expressions

Introducing Functions

In this Chapter I examine Frege's characteristic method of
introducing functions and functional signs. I begin by looking
in detail at the first few pages of his paper "Function and
Concept". The progression of ideas is similar in "What is a
Function?" and in Section 1 of Grundgesetze, entitled "The
Function is Unsaturated", but the account given in "Function and
Concept" is fuller.

Frege takes as his starting point the definition of a function
that some mathematicians of his day would have given. They
defined a function of x to be a mathematical expression
containing the letter 'x'.<1> Thus, such a mathematician would

3

have held that the mathematical expression '2.x~ + x', say, was a

numerical function of x and, similarly, that the expression

3

12,27 + 2' was a function of 2. ("Function and Concept", p.2.)

<1> To begin with - following Frege - I will restrict my
discussion to functions of one argument,
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examples of such functions whose values are sentences which have
indicators that relate to the force with which they are
conventionally uttered, but there is little point in doing so.

There is another class of pathological linguistiec functions
which, although they cannot be expressed by means of Frege's
auxiliary notation, do have a referent of the right type. One
example of this class is that linguistie function which maps a
person's name onto his father's name, This function takes, for
example, the arguments 'Isaac', 'Jacob' and 'Judah' onto the
values 'Abraham', 'Isaac' and 'Jacob', respectively. It is
impossible to represent this function by means of Frege's xi-
notation. 1In order to see this, consider the fact that the value
of this function for the argument 'Isaac' is 'Abraham’', but the
word 'Isaac' does not occur in the value 'Abraham’; so, it is
impossible to introduce this function in Frege's characteristic
way, for this would have to include the sentence fragment ‘people
recognise the same function in "Abraham", "Isaac" and "Jacob"
.««', but there is nothing to recognise, The referent of the
linguistic function which maps a person's name onto his father's
name is that ontological function which maps a person onto his
father,

Another example of this class of pathological linguistic
functions is that function which for any proper name X taken as
argument has as value the name of the father of the bearer of X
concatenated with the word 'loves' concatenated with the name of
the mother of the bearer of X. For example, this function yields

the value 'Abraham loves Sarah' for the argument 'Isaac'. It is
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again impossible to represent this by means of Frege's xi-
notation, The referent of this linguistic function is that
ontological function which maps a person onto the truth-value the
True i1f his father loves his mother and onto the False otherwise,

A different kind of example belonging to this class of
pathological linguistlic functions can be constructed by looking
carefully at Frege's characteristic method of introducing
unsaturated expressions. He says, for example, that people
recognise the same numerical function in the expressions '2 + 3!,
'S5 + 3' and 'T + 3' and that thls numerical function is the
referent of {} + 3', But what if somecne did not recognise this
nunerical function, but rather recognised ﬁhat function which is
the referent of the linguistic function which for the argument X,
where X is either '2', '5' or '7' returns X € '+ 3' but for every
other numerical designation returns the numeral '7'? The
numerlical function in question here is the one which maps the
numbers 2, 5 and 7 to 5, 8 and 10, respectively, and maps every
other number onto the number 7, The numeral '7' and the number 7
are here arbitrarys. Any singular term and its referent could be
substituted in the appropriate places with as much or as little
Jjustification. They are supplied by the person involved in the
recognition, so the numerical functlon really involved here is
the one that is undefined for every number other than 2, 5 and 7.
And the linguistic function involved 1is undefined for every

numeral other than '2', '5' and '7',
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This function cannot be expressed by means of Frege's
auxiliary notation, because - as I have explained it - the
expression '} + 3' means that linguistic function which given any
numerical singular term X taken as argument yields as value
X e '+ 3,

Concerning the issue of which function is recognised, I have
always assumed that the most "general" or the most "informative"
is always recognised as this seems the most reasonable
assumption. The numerical function which maps 2, 5 and 7 to 5, 8
and {O, respectively, and every othef number to 7 is less
"general” or less "informative" than the one which maps every
number to the sum of itself and three, because the latter
function is preperly defined for arguments other than 2, 5 and 7,
Unlike the referent of the pathological linguistic function it
does contain the information which would determinately tell us
what its value is for all numerical arguments,

It is also possible to construct pathological linguistic
functions which fail to satisfy both conditions of the natural
criterion. They neither have a referent of the right type nor
can they be expressed by means of Frege's auxiliary notation.

An example in this class that I shall discuss is a linguistic
function whose value is an infinitely long expression., It is
that function which for any singular term X taken as argument
yields as value the expression Y where Y is the same expression
as X @ Y. Thus, for the argument 'Abraham' the value of this
function is 'Abraham Abraham Abraham Abraham .,.,.' That such a

funetion actually exists should not be taken on trust, It is
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something that can be proved to exist.<6>

So far all the pathological linguistic functions that I have
considered, although they fail to satisfy the natural criterion
of demarcation, are still fairly closely related to Frege's
philosophy of language. There is no reason for this to be the
case., It is possible to construct linguistic functions based
upon the Aristotelian tradition of logic. I am thinking, for
example, of that linguistic function which for any pair of terms
T and U given as arguments yields as value the proposition‘—every
T is a d‘.<7> This maps, for example, 'Greek' and ‘'philosopher!
onto 'every Greek is a philosopher' and it maps 'man' and ‘'woman’
onto 'every man is a woman', It is even possible to extend
Frege's auxiliary notation to allow it to express such functions,
We could use the Greek letters tau and upsilon to have the same
relation to terms as xi and zeta have to proper names, Then the
linguistic function becomes '‘every ‘7 is a v '. This is
pathological because it does not have the correct type of

referent.,

<6> See, Stoy, Denotational Semantics, p.185. In fact, the
entire Section entitled "Syntactic Lattices" is very
instructive in this context: pp.182-190,

<7> Needless to say, the word 'term' in this paragraph is used
differently from how I use it elsewhere, For example, it has
no connection of meaning with the word as it occurs in the
phrase 'singular term'.



87

Word-Forming Linguistic Functions

So far all the natural language linguistic functions that I have
considered have kept words intact, but it is possible to devise
linguistic functions which deal with word fragments, For
example, the adjectives 'soldierly', 'priestly' and 'fatherly'’
are formed in the same way from the nouns 'soldier', 'priest' and
'father', reséectively. The linguistic function involved here
can be expressed as follows: Given a noun X as argument the
value of this function is X & 'ly'.<8> As formulated here this
linguistic function will apply to any noun in English. In some
cases the value of this function is not an English adjective.
For example, although, 'house' and 'bank' are nouns, the results
of applying this function to them, namely, 'housely' and
'bankly', are not English adjectives.<9> In the cases when the
value of this function is an adjective we can discern a
connection of meaning between its argument and value: X means
(roughly)‘—of or pertaining to a X or Xé1.<10>

The prefix 'un' can also be understood as a linguistic
function (which might be better symbolised as 'un-') which, for

example, makes adjectives out of adjectives. So, for the

<8> Here the ampersand '&' is used to denote concatenation
without the insertion of a space,

<9> They do not occur in either the OED or its supplements.

<10> This way of giving semantic rules for word-forming
linguistic functions was suggested by the way in which
dictionaries define words in conjunction with Radford's
discussion of word=formation and lexical-redundancy rules in

Chapter 4 of his book Transformational Syntax.
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arguments 'annotated', 'catalogued' and 'inhabitable' it yields
the values 'unannotated', 'uncatalogued' and 'uninhabitable',
Here the connection of sense between the arguments and values is
that the valdes are negations of the arguments, The prefix 'un-'
also makes verbs out of verbs., Thus, for the arguments 'block,
'cork' and 'zip' it returns the values 'unblock, 'uncork' and
‘unzip', respectively. Here the semantic role of the prefix is
to indicate the reversal of a process.

This example raises a number of questions. Are we dealing
here with one linguistic function or two? 1In both cases the
function involved adds the letters 'un' to the front of a word,
but the semantic effect of this addition is different in the two
cases, So, there are reasons for considering that two functions
are involved,

Another question raised is how these functions are to be
extrapolated, (Assuming that we are here dealing with two
functions,) In the case of the function which makes adjectives
out of adjectives are we interested in a linguistic operation
which turns an adjective into its opposite « whether this is
achieved by prefixing 'un' or 'in' or 'ir' or 'a' - or are we
primarily concerned in the linguistic operation of prefixing the
letters 'un' to an adjective irrespective of whether the result
is or is not an English word? Given the adjective 'reflexive’
the first linguistic operation mentioned would result in
'irreflexive', whereas the second would yield 'unreflexive',
which - at present - is not a word in the English language.

Both sorts of operation mentioned in the previous paragraph
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have their uses, This can be illustrated by one of Radford's
examples, He considers what I would say was the linguistic
function which for any verb X taken as argument yields as value
the character-string X & 'ment'.<11> So, for the arguments
'abandon', 'curtail' and 'appease' it yields the values
'abandonment', ‘curtailment' and ‘'appeasement', respectively.,
These are all English words, but this function for the argument
'repeal' yields 'repealment', which is not an English word., In
my scheme of things - which is different from Radford's - in
addition to the linguistic function mentioned, there is also the
function which for any verb X taken as argument yields as value
the noun which means rﬁct of Xiné7.<12> This yields, for example,
'development', 'arrival' and 'criticism' for the arguments
'develop', 'arrive' and ‘criticise’', respectively. This rule is
useful for describing the actual lexicon of English, whereas the
other rule is useful if we are trying to coin new words. This is
because the creation of new words tends to follow the dominant
paradigm for word-formation in that area. If you need a noun
that means M act of Xiné1 for a verb X and such a noun does not
exist in English, you are more likely to construct it by adding
the letters 'ment' to X than by forming it by analogy with the
fact that 'destruction' and 'destroy' stand in this semantic

relation,

<11> Iransformational Syntax, pp.134-136.

<12> Such a linguistic function would not fit into Radford's
scheme of things, because he assumes = as do other linguists
influenced by Chomsky - that syntax is independent of and
prior to semantics,
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There are also many pathological linguistic functions in this
area. For example, we can construct a linguistic function '-ife’
which adds the letters 'ife' to whatever string is given it as
its argument. Thus, it makes 'wife!', 'strife' and 'life' out of
'w!', 'str' and 'l', respectively, Another example is the
function 'l-' which yields 'love', 'light' and 'life' when
applied to 'ove', 'ight' and 'ife', respectively. These are
perfectly respectable linguistic functions, but there is
something pathological about them. What appears to be going
wrong here is that the strings on which both the functions '-ife,
and 'l-' operate are not morphemes, so it is impossible to

formulate any sort of semantic rule to correspond to them,<13>

Unsaturated Expressions and Patterns

In this and the next Section I want to discuss two uses to which
the nexus of ideas related to the notion of a pathological
linguistic function can be put, (a) They can be used in the

construction of an argument to show the incorrectness of an

<13> I do not wish to claim that either Wittgenstein or Husserl
was concerned with precisely this point, but - in effect -
both of them consider such pathological funetions. In
Philosophical Grammar Wittgenstein considers the function
'co-' which out of 'rn', 'al' and 'lt' makes 'corn', 'coal'
and 'colt' (pp.316-317) and in Volume II of Logical

Investigations Husserl considers the funetion 'fu~' which
makes 'futile' out of 'tile', 'fugitive' out of 'gitive' and

'fuming' out of 'ming' (pp.502-503). It was by reflecting
on these passages that I was led to formulate the notion of
a pathological linguistic function,
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exegesis of unsaturated expressions as patterns. (b) They can be
used to show that in general it is false to say that we can only
come to know an ontological function as the referent of some
functional sign or other., In this Section I will discuss the
first of these,
Dummett interprets Frege's incomplete expressions as patterns

or features of sentences:

There is no part in common to the sentences 'Brutus killed
Brutus' and ‘'Cassius killed Cassius' which is not also a part
of the sentence 'Brutus killed Caesar': yet the predicate

'} killed }' is said to occur in the first two and not in the
third. Such a complex predicate is, rather, to be regarded as
a feature in common to the two sentences, the feature, namely,
that in both the simple relational expression '... killed ...’
occurs with the same names in both of its argument-places,.<tl4>

By analogy with the notion of a pathological linguistic function
it is possible to construct pathological patterns or tq discern,
say, a common pathological feature in two interrogative
sentences. For example, there is no part in common to the
interrogative sentences 'Did Brutus kill Brutus?' and 'Did
Cassius kill Cassius?' which is not also a part of the
interrogative sentence 'Did Brutus kill Caesar?', but the first
two have a common feature, namely, that the expression 'Did ...
kill ,,.?' occurs in both of them with the same proper name in
both of its argument-places, Dummett does not raise - let alone
try to answer - the question of how the pattern or feature, gua

pattern or feature, '} killed §' differs from the pathological

<14> Frege, p.31. See also p.250, where the word 'pattern'
appears.
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pattern or feature 'Didg kill }?' He does not ask what property
the first pattern possessess that the second lacks in virtue of
which the first is and the second is not an incomplete
expression, In fact, it is difficult to see how a criterion
could be devised which distinguishes between legitimate patterns,
such as '; killed'§', and pathological ones, such as 'Did }
kill§ ?' Because of this difficulty, the interpretation of
incomplete expressions as patterns or features cannot be correct,

Someone might try to devise a criterion by analogy with what I
have called the natural criterion of demarcation, They might try
saying that an incomplete expression is a pattern or feature
which can be expressed by means of Frege's auxiliary notation and
that is capable of having a functional referent. In this case a
further argument can be brought to bear against the pattern-
interpretation, By the principle of parallel interpretation if
someone interprets unsaturated expressions as patterns or
features, then he is committed to interpreting their referents as
patterns or features. But although there is some plausibility in
saying that ;§ killed i’ is a feature of the sentence 'Brutus
killed Brutus', there is no plausibility in saying that the
concept.§ killed § is a feature of both the True and the False,
(A defender of this position would be committed to saying that
the concept<§ killed‘Y was a feature of the True when that
coﬁcept was applied to a person who actually did kill himself,
but that it was a feature of the False when applied to a person
who did not kill himself.) Concepts are neither features nor

patterns. They are functions from from objects to truth-values.
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Therefore, this attempt to devise a criterion of demarcation
between legitimate and pathological patterns fails.<15>

I have presented the above argument in terms of patterns:and
features, but - with suitable modifications - it can be turned
into an argument against the interpretation of incomplete
expressions as stencils or schemata,

I have just argued that Dummett's interpretation of
unsaturated expressions as patterns or features is incorrect, but
it will be profitable to explore how this exegesis fits in with
some of his other interpretations of Frege's ideas, He writes

that an unsaturated expression

is not merely metaphorically but literally incomplete; it is
something formed from a sentence by omission, rather than
something that was assembled on its own in the course of

constructing the sentence from which it can be so formed

(Erege, p.63).

And he frequently talks abouf incomplete expressions being formed
from complete expressions, such as complex numerical designations
or propositions, by the omission or removal of another complete
expression, such as a numeral or proper name,.<16> For Dummett,
whenever we are faced with a complex predicate or other
unsaturated expression, there always has to be a proposition or

other saturated expression from which it was formed. For him, it

<15> This objection cannot be sustained against my interpretation
of incomplete expressions as linguistic functions, since I
also regard their referents as being functions and I
understand both sorts of functions as rules.

<16> For example, on pp.11, 16=~17, 23, 30-31, 39 and U44-45,
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is impossible to construct a predicative expression in any way
other than by removing a complete expression from another
complete expression. Such views do fit together well with his
view that unsaturated expressions are patterns or features, since
clearly a feature has to be a feature of something or other.

It is true that Frege on occasion uses similar language to
Dummett's talk of omission and removal. For example, in
explaining his second way of forming names he talks of excluding
from an expression a proper name that is a part of it
(Grundgesetze, p.47). It seems to me that such language has to
be interpreted in context., Typically, it comes after passages in
which Frege has explained what an unsaturated expression is by
means of his characteristic method of introducing functions and
the signs that refer to them. This consists in displaying a
number of complex expressions and "isolating" or "abstracting®
the functional sign in question.<17> The relevant functional sign
- and the ontological function that it refers to - are determined
by the context in which the "abstraction" takes place. For
example, '2 + 2' is the result of saturating a number of
unsaturated expressions, but in the context of '3 + 3' and
'4 4+ Y4' the most natural one to think of is '} +.§' whereas in
the context of '2 + 3' and '2 + 7' it is more natural to think of
12 +}". Accepting this it is only a small step to take in order
td consﬁrue functional signs as rules of formation. The language

of omission and removal must be construed as being elliptical for

<17> Needless to say, abstraction here has nothing to do with
psychological abstraction.
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Frege's characteristic method of introducing functions and
functional signs,

One of the most important differences between my
interpretation of Frege on this point and Dummett's is that in my
account it is possible to grasp an unsaturated expression without
there being a complete expression from which it was formed, I
have explained the unsaturated predicate '} snores' as being that
linguistic function which out of any singular term X makes the
proposition X @ 'snores'., In spelling out this rule no mention
is made of any sentence containing the word 'snores', 1In
Dummett's account it is impossible to introduce a new unsaturated
expression into our language, except by means of some complete
expression in which it figures, but if you understand predicative
expressions constructively - as I do - then it is possible to
introduce new unsaturated expressions into our language without
there being any complete expressions in which they figure. In
fact, those unsaturated expressions will be used in the
construction of the complete expressions in which they occur,

And this way of thinking of unsaturated expressions
corresponds to Frege's description of the Begriffsschrift in
Q:ungg§§ggzg. He does not there introduce his primiti?e
unsaturated expressions by first displaying complete propositions
of the Begriffsschrift., What he does do is first explain his
primitive unsaturated expressions and then use them in the
construction of the Begriffsschrift's propositions.,

I am not saying that it is possible to grasp the general

notion of an unsaturated expression without ever having seen a
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complete expression in which an unsaturated expression figures,
Frege characteristically introduces the general notion by showing
how a particular unsaturated expression, say, ;E sleeps', can be
obtained from a number of sentences in which it occurs, say,
'Jack sleeps', 'Maxine sleeps' and 'Jill sleeps'. But once you
have grasped the general notion in this way, there is no reason
to go through an analogous process every time you want to
introduce an unsaturated expression into the language. 1In
Grundgesetze, after Frege has conveyed to the reader what an
incomplete expression is, he does not then repeat the process
every time he wants to introduce a new predicative expression.
Once you have grasped that '} sleeps' is an unsaturated
expression by recognising it in 'Jack sleeps', 'Maxine sleeps'
and 'Jill sleeps', you can then grasp the unsaturated expressions
'} snores','} smokes','} drinks', etc., by analogy with your
understanding of :§ sleeps'. You do not have to go yia the
propositions 'Jack snores', 'Jack smokes', etec. (In Dummett's
scheme of things you would have to do this.) In my account it is
possible to grasp the general notion of an unsaturated expression
by seeing just one unsaturated expression occurring in a complete
expression, but you do not have to see every predicative
expression occurring in some complete expression or other in
order to recognise it as predicative., And once you have grasped
the general notion of an incomplete expression you can construct
predicative expressions without reference to any complete
expressions in which they figure.

If you understand unsaturated expressions as being linguistic
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functions, then it is possible to give a straightforward account
of the phrases 'occurs in', 'omitted from' and 'fills the gap
in', which Dummett uses a lot. An expression ggcurs in another
if either it is a linguistic function which yields that other
expression as value for some argument or it is the argument to
some linguistic function which yields that other expression as
value, An expression is considered to have been omitted from
another if it is viewed as the argument of some linguistic
function that has that other expression as its value. An
expression fills the gap in another when that other expression is
a linguistic function that has been applied to it.<18>

Dummett's view of unsaturated expressions as features of
sentences leads him to say that incomplete expressions are
literally incomplete., 1In order to further show that Dummett is
mistaken, I will show that Frege understood the language of
incompleteness metaphorically,

Frege uses only a small number of expressions to describe the
essential peculiarity of functions and functional signs. He says
that they are incomplete, unsaturated, in need of supplementation
and predicative. He several times states that such language is
to be understood metaphorically. For example, after saying that
both functional signs and functions can be called 'unsaturated’

he writes:

Of course this is no definition; but likewise none is here

<18> These explanations should be compared with Dummett's on
pp.45=-U48 of Frege. They are more straightforward and more
general than his explanations,
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possible, I must confine myself to hinting at what I have in
mind by means of a metaphorical expression, and here I rely on

ny reader's agreeing to meet me half-way. ("What is a
Function?", p.665.)

Similarly, near the end of his paper "On Concept and Object" he

writes:

'Complete' and 'unsaturated' are of course only figures of
speech; but all that I wish or am able to do here is to give
hints. (P.205.)

I think it is important to stress this point, because it is
surprisingly easy to forget that such language - especially the
language of incompleteness - is being used metaphorically and to
think of functions and functional signs as literally incomplete,
It is harder - if not impossible - to construe 'unsaturated'
literally and this is Frege's commonest description of functions
in his later writings, especially in Grundgesetze., This is
because the notion of unsaturatedness is drawn from chemistry and
it is unclear how something non-chemical, such as a numerical
function, could be literally unsaturated.

Frege calls the language of incompleteness and unsaturatedness
metaphorical and figurative, It is definitely not meant
literally, but it does not seem to be truly and fully
metaphorical., In the case of a proper metaphor, such as Homer's
description of Achilles as a lion, we can learn about and grow in
understanding of Achilles's character and behaviour by learning
how Homer understood the sense of the word 'lion'; but in the

case of Frege's metaphors this does not happen, Frege most
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frequently refers to functional signs and functions as being
unsaturated, yet when you find out what an unsaturated molecule
is it does not help you to understand how Frege understood
functions,.<19> In fact - to the best of my knowledge ~ none of
Frege's commentators go to the trouble of explaining what an
unsaturated molecule is.<20> So, rather than dealing with true
metaphors here, we are dealing with words whose meaning is to be
derived from the contexts in which they occur rather than their
conventional associations. And the characteristic way in which
Frege introduces functional signs strongly suggests an

interpretation in terms of rules of formation.

Functional Signs and their Referents

The view that we can only come to know an ontological function by
knowing a functional sign that refers to it has some

attraction,<21> but the existence of pathological linguistic

<19> An account of unsaturated molecules can be found in any
standard textbook of organic chemistry which has not been
published recently. (The term seems to have disappeared
from modern treatments.) For example, an account is to be

found on pp.118-119 of Durrant's Qrganic Chemistry.

<20> The fullest account in writings on Frege seems to be in a
footnote to the glossary contained in the Geach-=Black
translations, where the editors write that Frege 'may well
have had in mind unsaturated molecules, which, without
dissolution of their existing structure, can take up more
atoms' (p.x, footnote 2).

<21> It is a position that Dummett holds, see Frege, p.254.
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functions shows that such a view must be - in general - false.

In order to establish this conclusion recall how the notion of
a functional sign was explained, A functional sign is a
linguistic function expressable by means of Frege's auxiliary
notation which is capable of having a functional referent, We
need to have some independent access to ontological functions -
independent of knowing them as the referents of functional signs
- in order to be able to use them to distinguish functional signs
from pathological linguistic functions.

Considered as linguistic functions there is nothing to
differentiate between '} killed } ' and 'Did{ kill §2'. No
examination of these expressions will reveal a property that one
of them has that the other lacks, yet the first is and the second
is not an incomplete expression., The difference between them is
that one of them has an extra-linguistic correlate, but the other
does not. We are thus frustrated in trying to characterise
ontological functions as the referents of functional signs, since
we need to know that a linguistic function has a referent in
order to classify it as a functional sign.

It would be too much of a digression for me to explain how it
is possible to come to know particular ontological functions
other than as the referents of functional signs. I just want to
say here that an attempt to do this would not involve me in a
défence.of the ludicrous position that we can come to know

particular ontological functions unmediated by language.
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Chapter 3: A Problem with Unsaturatedness

An Awkwardness of Language

In his paper "On Concept and Object" Frege replies to a number of
criticisms of his views about concepts made by Kerry. The
details of Kerry's criticisms of Frege's Grundlagen need not
concern us here, but in the course of the discussion Frege comes
across what he calls 'an awkwardness of language' (p,.,196) that
arises when we try to talk about concepts. One of Kerry's
examples was the proposition: '"The concept "horse" is a concept
easily attained'. He said that the concept 'horse! was an object
which fell under the concept 'concept easily attained'. This has
the consequence that the conceptv'horse' is not a concept, but an
object, And this is the awkwardness that Frege refers to. But
why does Frege accept this? The reason is to be found in his
discussion of concepts and objects in Grundlagen.

In Grundlagen Frege laid down a criterion for distinguishing
between expressions that stand for objects and those that stand

for concepts. He, of course, expressed the criterion for German
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phrases, but it can be reformulated for English phrases as
follows: A singular substantival phrase governed by the definite
article stands for an object, whereas a word 'used with the
indefinite article or in the plural without any article' is a
concept=word,<1> Dummett claims that this criterion is inexact

both ways and he adds that

Frege was perfectly well aware that there are expressions
satisfying this criterion which he would not wish to admit as
proper names, and others which fail the criterion which he
would wish to admit: but he was content to allow the whole
distinction between proper names and expressions of other
kinds to depend upon intuitive recognition, guided only by the
most rough and ready of tests, (Frege, p.54,)

That is a misrepresentation of Frege's attitude. He thought the
criterion was almost watertight. The only exception he could
think of as regards the indefinite article was an obsolete German
formula for a councillor and as regards the definite article the
only troublesome cases he mentions are propositions like 'the
horse is a four-legged animal' ("On Concept and Object",
pp.195-196), It is because Frege thought that the criterion had
hardly any exceptions that he held the proposition that the
concept 'horse' is an object to be true. If he really did have a
low opinion of this criterion, there would have been little
reason for him to categorise phrases like 'the concept "horse"!
as singular terms.  Although Frege accepted this consequence of

his criterion it is clear that he was not entirely happy with it,

<1> Section 51, See also Section 57 and the footnotes to
Sections 66 and 68,
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for he wrote:

I admit that there is a quite particular obstacle in the way
of an understanding with my reader., By a kind of necessity of
language, my expressions, taken literally, sometimes miss my
thought; I mention an object, when what I intend is a concept,
I fully realize that in such cases I was relying upon a reader
who would be ready to meet me half-way - who does not begrudge
a pinch of salt.<2>

This further shows the high regard he had for his criterion.
He was willing to accept this consequence of it rather than give
the criterion up.

This result has come to be known as Frege's paradox. When it
is discussed it is usually presented as a problem to do with
Frege's understanding of concepts, but it is important to realise
that it is a problem which also affects his account of relations
and, indeed, functions in general, In "On Concept and Object™"
Frege explicitly says that the problem arises for relations,<3>
and also for functions.<4> In view of the fact that Frege's
understanding of concepts and relations is modelled on his
understanding of functions - a concept is a function from objects

to truth-=values and a relation is a function from objects to

<2> "On Concept and Object", p.204., Wright observes that between
pages 64 and 67 of Grundlagen 'there are no less than eight
occasions when salt is called for!' (Frege's Conception of

Numbers as Objects, p.171, footnote 1 to Section iv of
Chapter 1.)

<3> He says on p.205 that 'the words "the relation of an object
to the concept it falls under" designate not a relation but
an object!'.

<4> He says that the expression 'the function f(x)' does not
stand for a function (p.197, footnotej‘). Obviously, it
stands for an object.
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concepts = the primary version of the problem is that which
occurs for what are usually called functions., The problem is
normally, however, discussed mainly in terms of how it arises for

concepts and I shall follow this tradition.<5>

The Geach=Dummett Solution

The proposition 'the concept horse is not a concept! is the

negation of 'the concept horse is a concept' and this

proposition, from its surface structure, appears to be analysable

into the singular term 'the concept horse' and the predicate

;E is a concept!. Stated simbly, the Geach-Dummett solution
says that this analysis is incorrect, because the categorisation
of the constituents is incorrect., I shall first look at the
categorisation of the apparent predicate '? is a concept' and

then at that of the apparent singular term 'the concept

horse' ,<6>

<5> Up to now I have used expressions like 'the concept "horse"!'.
This was because I was following Kerry's usage in discussing
his example, as indeed does Frege. From now on, however, I
shall either use expressions of the form ‘the concept horse!
or of the form 'the concept } is a horse'. The second
alternative is more precise but it is also more awkward. It
is probably for this reason that Frege preferred the first
alternative in cases where it was possible to isolate a
concept-word.

<6> Dummett says in Frege, pp.211-217, that the solution was
discovered by Frege himself after the publication of "On
Concept and Object™, but there is no textual support for this
claim in Frege's writings. In the posthumously published
paper "Comments on Sense and Meaning" Frege says a few things
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'} is a concept' appears to be a predicate which has been
constructed by analogy with '? is an object'., This latter
predicate has the property that when its argument-place is filled
with a non-vacuous singular term it always yields a true
proposition, irrespective of what object the singular term refers
to. In constructing '} is a concept' it was hoped to obtain a
predicate which yields a true proposition whenever its argument-
place is filled with an expression that stands for a concept, but
expressions which stand for concepts are not fitting for its
argument~place, In fact, it looks as if {g is a concept! is a
predicate which yields a false proposition whenever its argument-
place is filled by a non-vacuous singular term.

In order to construct a linguistic function which yields a
true proposition whenever its argument-place is filled by a non-
vacuous predicate, we have to go up to the second-level and for

this role Dummett suggests (Frege, pp.216-217):
(Ax) (f7(x) v -fD(x)),

which can be expressed in ordinary language as '... is something
which everything either is or is not'., This is of category

(N ~=> P) ==> P and it has the required property. Dummett
advocates the banishment of the phrase 'is a concept' from our

language and its replacement with this second-level predicate,

which are superficially similar to parts of the Geach-Dummett
solution. See also Anscombe's An Introducti

Witteenstein's Tractatus, pp.111-112, and Geach's "On What
There Is", pp.132=-134, where the solution was first

published.
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The expression 'the concept horse' appears to be a singular
term, but both Geach and Dummett argue against this
categorisation, Surprisingly, rather than conducting their
discussion in terms of the expression 'the concept horse', which
Frege uses, they prefer the form of words 'what " is a horse"
stands for', For their discussion to be a discussion of Frege's
paradox we must assume that these two expressions are equivalent

in every way.<7> Geach writes:

The result of inserting an English expression in the blank
between the quotes in the context:

what ! ' stands for

will stand for, bedeutet, whatever that very English
expression stands for ... ("Saying and Showing in Frege and
Wittgenstein", pp.56-57.)

As an example he considers the predicate '? killed Caesar',
He says that the expression 'what J} killed Caesar" stands for!
is a predicate. It could be said against this position that the
expression 'what "¢ killed Caesar" stands for!' produces nonsense
when substituted for '} killed Caesar' without alteration.

For example, making this substitution in the sentence 'Brutus

<7> The form of words 'what "..." stands for' hardly ever occurs
'~ in PFrege's writings. I know of only two occurrences of a

similar form of words and they are both in the posthumously
published article "Comments on Sense and Meaning", p.132. He
there says that we should outlaw the expression 'the meaning
of the concept-word A' and adds: 'It would be better to
confine ourselves to saying 'what the concept-word A means',
for this at any rate is to be used predicatively: "Jesus is,
what the concept-word 'man' means" in the sense of "Jesus is
a man".!'
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killed Caesar' results in the string of words 'Brutus what
"${ killed Caesar" stands for'. Geach says, however, that the
string of words 'Brutus is what "{ killed Caesar" stands for!' is
acceptable and nothing of logical significance hangs on the fact
that grammar demands the copula 'is'.

Applying these insights to the expression 'the concept horse!
we see that this expression, although looking on the surface like
a singular term, is actually a predicate,

Putting together these accounts of the expressions 'the
concept herse' and 'is a concept' we see that it is no longer
possible to construct such pseudo-propositions as 'the concept
horse is a concept! or 'what " is a horse" stands for is a
concept'!., According to Dummett, what we hoped to convey by means
of these pseudo-propositions is correctly expressed,
respectively, by the propositions 'a horse is something which
everything either is or is not!' and 'what " is a horse" stands
for is something which everything either is or is not',.<8>
It should be noted that, whereas for Frege - at least when he
wrote "On Concept and Object" - it was true to say that 'the
concept horse is not a concept', for Dummett the proposition 'a
horse is not something which everything either is or is not! is
false,

Dummett urges that the pseudo-predicate ;§ is a concept' be
banished from our language; then it will be impossible to

construct such paradoxical sounding propositions like 'the

<8> Frege, pp.216-217. Dummett replaces the phrase 'the concept
horse' here by 'a horse', no doubt for idiomatic reasons.
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concept horse is not a concept' (Frege, p.217). But it is
possible to rehabilitate this instead and turn it into a
legitimate linguistic function, If we reject Frege's criterion
for distinguishing between singular terms and concept-words, then
Jjust because the indefinite article occurs in the phrase 'is a
concept' it does not follow that the word 'concept! is a concept-
word, It is possible to construe the phrase 'is a concept' as a
second=-level predicate, In fact, we can regard the expression
'... is a concept' as referring to the same second-~level concept
as the expression '... is something which everything either is or
is not' refers to., Because this possibility has not been used by

either Geach or Dummett I shall not mention it again,

Further Aspects of Dummett's Solution

Dummett says that the problem with talking about unsaturated
entities begins 'with the words "concept", "relation" and
"function"' (Frege, p.213), and that solutions similar to the one
he gives for the version of the paradox involving the word
'concept' can be given for the versions of the paradox which make
use of the words 'relation' and *function' (ibid., pp.213 and
218). His solution does indeed work for the pseudo-predicate

'? is a relation', but not for '} is a function'. It does,
however, work for each element in the potentially infinite list

of pseudo-predicates: '? is a one-place first-level function',
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'} is a two-place first-level function', ;? is a three-~place
first-level function', and so on. It also works for all the
specific pseudo-predicates which appear to be true of particular
types of second-level functions and so on. Considering some of
these examples shows us why the solution fails for the pseudo-
predicate '? is a function?,

Dummett would have to replace the pseudo-predicate '? is a
one-place first-level function' by a second-level predicate of
category (N ==> N) -=> P, which is true of all one-place first-
level functions., A suitable candidate for this second-level

predicate is
(ax) P(x) = x vP(x) § x.

And he would have to replace the pseudo-predicate '}' is a two-
place first-level function' by a second-level predicate of
category (N ==> (N ==> N)) ==> P, which is true of all two-place
first-level functions.<9> A suitable candidate for this second-

level predicate is

(Ax)"f’(x, X) = x v‘f‘(x, x) £ x.

The generic term 'function' is used as if it were true of all
one-place first-level functions and also true of all two-place

first-level functions and also true of all three~place first-

<9> He would also have to find a suitable replacement for that
pseudo~-predicate which looks as if it is true of functions of
category (J ¥ J) -=> J,
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level functions and so on, But Dummett cannot account for this
generic term being in our language. This is because he would
require {? is a function' to be replaced in (as well as many
others) both the propositions: 'every one-place first-level
function is a function' and 'every two-place first-level function
is a function'. In the first of these '} is a function' would
have to be replaced by something of the same category as what
'} is a one-place first-level function' is replaced by and in
the second by something of the same category as what '} is a
two=place first-level function' is replaced by. Quite clearly,
these two replacement second-level predicates cannot be combined
to form a single unified second-level predicate, because they
have different sorts of argument-place., An expression which was
fitting for one of them would not be fitting for the other,
Thus, there is no consistent replacement for '} is a function!
which would work in both these cases. Hence, there can be no
replacement for the pseudo-predicate '? is a function', which
appears to be true of all first-level functions and all second-
level functions and so on. Unlike the pseudo-predicate ;? is a
one-place first-level function', which he says should be banished
from our language and replaced by a certain second-level
predicate, in the case of the generic term 'function', he has to
say Jjust that it be banished from our language. His account
cannot be modified in such a way as to find a suitable
replacement for the generic pseudo-predicate '? is a

function'.<10>

<10> Consideration of this argument shows that there can be no
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A similar argument shows that there can be no replacement for
the pseudo-predicate ;; is an entity', which almost everyone who
writes about Frege's ontology finds so useful, Currie, for
example, says that according to Frege 'every entity is either a
function or an object' (Frege, p.85). In an account such as
Dummett's there cannot be a genus entity of which one-place
first-level function and two-place first-level nction are
species, let alone function and gbject. To be fair to Dummett,
he does recognise this, for he writes that 'the word "entity" is
un-Fregean, in that it trespasses over the bounds dividing one
level from another' (Frege, p.523), but rather than suggesting
the banishment of the word tentity' he suggests construing a
proposition in which it occurs as being 'something like a
typically ambiguous formula within the theory of types' (ibid.).
A similar argument to that given above shows this to be
impossible, since in the proposition 'every entity is either a
one=place first-level function or an object' we would have to
assign two distinct types to the term 'entity' simultaneously,
which cannot be done.

But even if we banish the pseudo-predicate '} is an entity!
from our language, we will still be left with many troublesome

pseudo=-propositions, An example occurs in Frege's writings:

replacement in Dummett's scheme of things for the generic
notion of a concept, namely, that notion which appears to be
employed in the phrases 'is a first-level concept'! and 'is a
second-level concept', Dummett's account does, however,
work for the specific notion of a concept. That is to say,
that notion which 1s true of all entities of type J =-=> H,.
My discussion of the notion of a concept in the body of the
text is restricted to the specific notion and does not apply
to the generic notion.

A b e 5 S shrones
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'T count as objects everything that is not a function ...!
(Grundgesetze, pp.35-36). For this to make sense the domain of
quantification must be understood as including both objects and
functions and - on Fregean principles - this is clearly
impossible. (This string of words would still be meaningless and
not false if we replaced 'function' by 'one-place first-level
function', because there is no logically acceptable translation
along the lines suggested by Dummett,)

So, if we accept Dummett's solution to Frege's paradox, we
would have to make radical changes to our ontological vocabulary.
Generic terms like 'function' and 'entity' would simply have to
go, whereas specific terms like 'one-~place first-level function'
and 'two-place first-level function' would have to be replaced by
second-level predicates, Furthermore, we would have to outlaw
many constructions like 'everything which is not an object is a
function',

After presenting his solution to Frege's paradox Dummett

writes:

The terminology that would be required for speaking, in a
logically correct manner, about the referents of predicates
and relational expressions is ... cumbrous and verbose; it is
therefore best, when there is no danger of misunderstanding or
of antinomies, to revert to the logically erroneous vocabulary
of 'concept', 'relation' and 'function'. (Frege, p.217.)

And he carries on his exegesis of Frege in terms drawn from the
logically erroneous vocabulary, but - no doubt - with the

logically correct terminology in mind,
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Further Aspects of Geach's Solution

Geach's position is slightly different. Unlike Dummett, he does
not first urge us to banish the troublesome words 'concept!,
'relation' and 'function' from our language and then lets us
revert to the logically erroneous terminology, if we use it
carefully., Right from the start Geach realises that many of the
propositions that we would like to assert about the differences
of type between entities in Frege's ontology violate the
principles on which those very differences of type are based. As
an example he considers the proposition 'there is a difference
between what "Brutus" stands for and what the predicate "- killed
Caesar" stands for' ("Showing and Saying in Frege and
Wittgenstein", p.57). On his account of the expression 'what
".,.." stands for' this translates into the proposition 'there is
a difference between Brutus and killed Caesar' and this is
manifest nonsense. Therefore, the original proposition is also
meaningless and it could not even be formulated in a language
such as Frege's Begriffsschrift. Geach believes, however, that
such nonsensical propositions can be 'didactically useful', as he

puts it (ibid., p.58), for they can be helpful in teaching

someone to understand the Begriffsschrift.
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Semantic Ascent

Frege's paradox is usually formulated in ontological terms and so
far I have discussed it in such terms. It might be thought that
this paradox could easily be solved by means of the manoeuvre
that Quine calls semantic ascent and which he describes as

follows:

It is the shift from talk of miles to talk of 'mile', It is

what leads from the material (iphaltich) mode into the formal
mode, to invoke an old terminology of Carnap's. It is the
shift from talking in certain terms to talking about them,

(Hord and Obiject, p.271.)

To use this manoeuvre in an attempt to solve Frege's paradox is
the approach that a follower of Carnap, for example, would
favour, Carnap distinguished between three kinds of sentence,
namely, syntactical sentences, object sentences and pseudo-object
sentences. (Ihe Logical Syntax of Language, p.286.) An example
of an object sentence is 'water is not an acid but an alkali’.
One species of pseudo=-object sentence occurs frequently in
philosophy. An example is '5 is not a thing but a number’,

Such sentences give the impression of being about objects, but -
according to Carnap - they are really disguised syntactical
sentences, He claims that it is more precise to say that 'the
numeral "5" is not'a thing=-word but a number-word', Carnap goes
in for a wholesale translation of similar philosophical
sentences, He translates Kronecker's statement that 'God created

the natural numbers (integers); fractions and real numbers,
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on the other hand, are the work of man' into the syntactical
sentence that 'the natural number symbols are primitive symbols;
but the fractional expressions and the real-number expressions
are introduced by definition' (ibid., pp.304-305),.

Someone standing in this philosophical tradition might think
that if we stop talking about entities, and talk exclusively in
terms of linguistic expressions and the categories to which they
belong, then Frege's paradox will never arise, Unfortunately,
this is not the case, similar difficulties also occur on the
linguistic level,

This is not really very surprising. Geach well articulates in

general terms what is wrong with such an approach:

Language, after all, is not something set over against the
whole world, like the Divine Mind; languages are part of the
world, linguistic facts and structures are facts and
structures in the world., This sets a limit to the usefulness
of semantic ascent in solving philosophical problems. We
cannot solve the problem of universals by talking about the
word 'pig' instead of The Pig; for there is exactly the same
problem about the relation of the word 'pig' to its tokens as
there is about the relation of The Pig to Jones's pigs ... So
also in our case; the business of function and argument and
value cannot be shelved by talking about expressions of
different category, because it reappears if we consider, as we
nust, the ways of forming expressions out of expre331ons.
("Names and Identity", pp.142-143,)

His own c¢riticism of those people who believe that Frege's
paradox can be solved by the manoceuvre of semantic ascent
consists in pointing out that they think of predicates and

functional signs as complete expressions and what he does is to
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show that predicates and functional signs are unsaturated
expressions. (For example, in "Saying and Showing in Frege and
Wittgenstein", pp.58-61,)
It is more interesting, however, to construct a version of the
paradox on the linguistic level analogous to the ontological
version, Frege is aware that something like this is possible,

but he expresses himself badly. He says:

A similar thing happens when we say as regards the sentence
‘this rose is red': The grammatical predicate 'is red’
belongs to the subject 'this rose.' Here the words 'The
grammatical predicate "is red"' are not a grammatical
predicate but a subject. By the very act of explicitly
calling it a predicate, we deprive it of this property.
("On Concept and Object", p.196, footnotet.)

He expresses himself badly because he talks of grammatical
predicates, This is probably why Geach says that this comment is
irrelevant (op.gcit., p.60), but re-formulated in terms of Fregean
predicates, that is to say, unsaturated expressions which make a
proposition out of a singular term, it becomes as problematical
as the ontological version, Doing this we have the paradoxical
proposition: 'The predicate "? is a horse" is not a predicate
but a singular term', Dummett tacitly performs such a re-

formulation yet he says:

But this latter fact is no more paradoxical than the fact that
the expression 'the city of Paris' is not a city: the case
would be comparable with 'The concept horse is not a concept’
only if we had reason for saying that the predicate '? is a
horse' is not a predicate. (Frege, p.212,)
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However, we have exactly the same reason for saying that the
expression 'the predicate "? is a horse"' appears to be a
singular term as for saying that the expression 'the concept
horse' appears to be one, namely, Frege's criterion for
distinguishing between singular terms and concept-words,
The definite article followed by a singular substantival phrase
figures in both of them,

Not surprisingly, because of the parallelism between the
linguistic and the ontological levels in Frege's thought, a
solution similar to that offered by Geach and Dummett to the
ontological version of the paradox can be constructed for the

linguistic version. It would go something like this:

The problem begins with the predicate '} is a predicate!.
The predicate '? is a singular term' is true of all singular
terms and in constructing ;§ is a predicate' we were hoping to
devise a predicate that was true of all predicates; but the
argument-place of '} is a predicate' is not fitting for
predicates, it is only fitting for saturated expressions.,

In order to construct a suitable predicate we have.to go up to
the second level and devise a second-level predicate which is
true of all first-level predicates. This is no trickier than for
the ontological predicate '} is a concept! and a suitable
candidate is: ',,., is something which yields a proposition when

applied to a singular term',
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And the apparent singular term 'the predicate "? is a horse"!
is really an incomplete expression which refers to a predicate
and is fully equivalent with '"? is a horse"’',

Thus, what we hoped to convey by means of the pseudo-
proposition 'the predicate "? is a horse" is a predicate' is
correctly conveyed by the logically more accurate 'the predicate
"} is a horse" is something which yields a proposition when
applied to a singular term' or '"§ is a horse" is something

which yields a proposition when applied to a singular term’,

To be made fully analogous to Dummett's solution to the
ontological paradox this linguistic version would have to be
combined with the view that predicates like ’? is a predicate’,
;} is a one-place first-level functional sign’', {? is a two-
place first-level functional sign', and so on, be banished from
our language and be replaced by their logically correct
translations. The generic pseudo-predicates ;? is a functional
sign' and '? is an incomplete expression' (and others) would

simply have to be banished.

d tatio r In constructing the above linguistic
version of Frege's paradox and its solution I have assumed that
an expression enclosed in two sets of quotation marks - such as
‘“} is a horse"' or 'the predicate J? is a horse"!' - is
unsaturated and that it refers to something unsaturated, namely,

't is a horse!, Needless to say, the varieties of
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unsaturatedness associated with such expressions are very
different from those associated with expressions enclosed in only
one set of quotation marks,

This seems to me to be the correct assumption to have made,
but it differs from both Dummett's and Frege's views about
expressions enclosed in two sets of quotation marks.,

Concerning the predicate ;§ is what "¢ is a horse" stands for’

Dummett writes:

The first ;?} indicates the argument-place of this predicate;
the second 'f’, being, in this predicate, between quotation
marks, does not indicate an argument-place, but is a constant
part of the expression, (Frege, p.214,)

This cannot be correct, because it has the consequence that
something complete, namely, '"{ is a horse"', refers to something
incomplete, namely ’? is a horse?',

Similarly, Frege writes concerning nested quotation marks:

While '( ).3 + U4' is a function name, '"( ).3 + 4" is a

proper name, and its meaning is the function name
Y )3+ WD

Again, this cannot be correct, because it has the consequence
that something complete, namely, '"( ).3 + 4"', refers to

something incomplete, namely, *( ).3 + 4',

<11> This is from a letter to Russell dated 29 June 1902, In the
English version there is a typographical mistake - the
second occurrence of ‘4! is missing - which I have
rectified,
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Both Dummett's and Frege's accounts violate the principle that
only saturated things can refer to saturated things and that only
unsaturated things can refer to unsaturated things. And if we
give up this principle when one of the things involved is
enclosed in two sets of quotation marks and the other in one,
then why should we retain it when one of the things involved is
enclosed in one set of quotation marks and the other is not
enclosed in any? There is nothing magical about nested quotation
marks. Once the above principle is violated the isomorphism
between expressions and their referents - which is
characteristic of Frege's philosophy - breaks down as well,
There is nothing special about nested quotation marks which
creates an immunity from being involved in this isomorphism,
Thus, if we want to retain this isomorphism, then we cannot
accept eilther Dummett's or Frege's account of nested quotation

marks,

Difficulties in the Geach-Dummett Solution

I want to consider the operator 'what ",,." stands for' in
gpeater detail, As explained by Geach and Dummett this is an
operator that cannot be assigned to a single syntactic category.
According to Geach's rule (quoted on p.106 above) the expression
'what "Socrates" stands for' is a singular term and is just a

long-winded way of referring to Socrates, Similarly, the
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expression 'that function of 2 which "the square of" stands for!
is a long-winded way of referring to the square of 2 (ibid.,
p.57). Thus, we must regard 'what "the square ofg' " stands for!
in this case as.being an unsaturated functional sign, that is to
say, an expression of category N --> N,<12> We also have that the
expression 'what "} killed § " stands for' is a relational sign
and 'what "the brother of~§ and S " stands for' is a two-place
functional sign. Furthermore, ‘what "everything" stands for' is
a quantifier of category (N «=> P) ==> P. These categorisations

can be presented as follows:

(1) 'what "Socrates" stands for': N,

(2) 'what "} is a horse" stands for'’: N -=> P,

(3) 'what "} killed " stands for': N ==> (N ==> P),

(4) 'what "the square of $ " stands for': N ~-=> N,

(5) 'what "the brother of ¥ and{" stands for': N --5 (N ==> N),

(6) 'what "everything" stands for!': (N «=> P) ~=> P,

Generalising, we can say that given an expression of arbitrary
category the operator 'what ",..." stands for' yields an

expression of the same category which is everywhere substitutable

with the original expression salva congruitate and salva
veritate.

<12> Geach changes 'what' to 'which', no doubt for idiomatic
reasons, and does not use Frege's xi-notation in this
example,
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Although both Geach and Dummett make use of this operator
neither of them stops to consider the implications of its
introduction or whether its existence can be justified. Had they
done so they would have realised that in a language constructed
on Frege's principles, in which expressions are assigned to
distinet non-overlapping syntactic categories, there can be no
such operator, This is because if an unsaturated expression has
an argument-place that is fitting for singular terms, then ipso
facto it is not fitting for predicates and if an unsaturated
expression has an argument-place that is fitting for one-place
first-level functional signs, then it is not fitting for
quantifiers and so on.

The upshot of this discussion is that the operator required by
Geach and Dummett in their solution of Frege's paradox does not
exist, They require a single operator, whereas the best that can
be accomplished in a Fregeanilanguage is a large number of
similar operators. In a Fregean language, each of the operators
represented by the form of words 'what",,." stands for' in (1) to
(6) has to be different. In order for the Geach-Dummett solution
to be successful, they would require a trans-categorial operator
of the form 'what ",.." stands for, but such operators are

illegitimate on Fregean principles,.<13>

<13> The word 'trans-categorial' simply means that what it
qualifies can belong to several categories. A proposition
in which a trans-categorial operator occurs is, therefore,
similar to a typically ambiguous formula in the theory of
types. But as I partition the expressions of a language
into syntactic gcategories (and their referents into types) I
prefer the phrase 'trans-categorial' to 'typically
ambiguous',
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Another example of a trans-categorial operator is

to !

'ees refers

. This is trans-categorial because we would - in our

uncritical moments - accept the following propositions to be

true:

(1)
(8)
(9)
(10)

(11)

'Socrates' refers to Socrates,

'The concept horse' refers to the concept horse,

'? loves § ' refers to E lovess ’

The universal quantifier refers to
a function from concepts to truth-values,

Conjunction refers to a truth-function,

And we would also accept the following as being true:

(12)
(13)
(14)

(15)

(16)

Proper names refer to objects,
Predicates refer to concepts,
Relational signs refer to relations,

Second-level quantifiers refer to functions
from concepts to truth-values,

Binary truth-functional connectives
refer to two-place truth-functions.

The best that Dummett can do faced with the propositions (7) to

(11) and (12) to (16) is to banish the alleged trans-categorial

operator

'vee refers to ___' from our language and replace it

with lots of signs for all the different reference relations that

are necessary.

He would require at least as many signs as there

are different categories of expression in our language., This is

because the argument-place on the right of '...

refers to !
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in (7) is fitting for a proper name, whereas that on the right in
(8) is fitting for a predicate., And that on the right in (9) is
fitting for a relational sign and so on.<14> And the best that
Geach can do is to say that whenever we use a proposition
involving the words 'refers to' we are talking gibberish, which
yet might be useful in teaching people about Frege's philosophy.

This investigation of the solutions offered by Geach and
Dummett to Frege's paradox shows that the views they are forced
to adopt are far worse philosophically than the paradox they use
them to solve, Neither of them can account for the terms that
are indispensable for talking about language and ontology.
Dummett's solution of Frege's paradox involves banishing at least
the following expressions from our language: 'refers to',
'entity', 'funection', 'incomplete expression' and *what ",,."
stands for', Geach'’s solution has the consequence that whenever
we use any of these terms we are talking gibberish, That would
mean, for example, that almost every sentence in Dummett's book
Frege is meaningless, It seems to me that in the light of these
considerations we should investigate alternative ways of looking
at Frege's paradox. And what I propose to do is to take
seriously Frege's view that 'the concept horse' and similar
expressions are genuine singular terms which refer to objects and

explore its consequences. Dummett has claimed that Frege

<14> And even then he would have difficulty with "propositions"
like '"Socrates" does not refer to a concept' and '""the
concept horse" does not refer to a relation’.
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repudiated this position, but it seems to me that there is some
evidence to suggest that he continued to think in these terms.
I will first present this evidence - which is only suggestive and
not conclusive - and then I will look in greater detail at the
consequences of treating expressions like 'the concept horse' as

genuine singular terms,

Frege's Definition of Numbers

In Grundlagen Frege at one point gives the following definition:

the Number which belongs to the concept F is the extension of
the concept "equal to the concept F". (Section 68,)

If we accept that the expression 'the concept F' is a predicate,
then the expression 'the Number which belongs to ...' is a
linguistic function which makes singular terms out of predicates
and the expression ',.. is equal to ___"' is a linguistic function
which makes a proposition out of two predicates. So, the concept
which is the referent of the expression 'equal to the concept F!
is a second-level concept and Frege is defining the expresssion
'the Number which belongs to the concept F' as a singular term
which refers to a class of first-level concepts,

Or is he? 1In order to justify this definition he has been
considering the definition of the direction of a line x, say, as

the extension of the concept parallel to line x.
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To understand the expression 'the Number which belongs to ...' as
a linguistic function which makes singular terms out of
predicates makes the correspondence with the definition of the
direction of a line inexact, Since, in the numerical case the
equivalence relation involved is one which holds between first-
level concepts, whereas for directions the equivalence relation
involved, namely, the relation parallel to, is one which holds
between objects,

The interpretation of Frege's definition that I just gave is,
in fact, anachronistic, for it is based on the Geach-Dummett
account of the expression 'the concept horse' and similar
expressions, As he makes explicit in "On Concept and Object",
Frege considered such expressions to be singular terms, therefore
they should be so understood in Grundlagen. If we so interpret
them there, then the correspondence between the definition of
numbers and directions becomes exact., The expression 'the Number
which belongs to ...' is then a functional sign which makes
singular terms out of singular terms and the equivalence relation
egual to is then just a relation between objects.

In his discussion of the hermeneutical principles to be used

in gilving a correct exegesis of Frege, Dummett says that

what Frege wrote in work he did not submit for publication
bears less weight than what occurs in his published writings;
and, above all, what is said in Grundgesetze carries more
weight than anything else. (The Interpretation of Frege's
Philosophv, p.8.)
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But as a result of a careful structural analysis of Grundgesetze
he adds that 'Grundlagen ... is in a somewhat different
position' {(ibid., p.9), that is to say, from Frege's published
writings other than Grundgesetze. Simply stated, this is because
Dummett regards Grundlagen, in effect, as a prose section of
Grundegesetze. He says that the progression of ideas'in the
corresponding passages of the two books is very similar 'apart
from the fact that in Grundgesetze numbers are defined as classes
of classes, rather than as classes of concepts as in Grundlagen'
(ibid., p.10). But as I have shown above, in Grundlagen numbers
are defined as classes of objects of a particular kind, namely,
those objects that can be the referents of expressions of the
form 'the concept F', That Frege did not go over this material
again in prose in Grundgesetze leads me to presume that he still
regarded expressions of the form 'the concept F' as singular
terms,

The correspondence between relevant sections of the two works
suggests two possible candidates for the type of object that
could be the referent of such an expression. It could either be
the class of Fs or it could be the referent of the expression
which is formed by applying the functional abstraction operator
to the unsaturated expression ’} is an F', There is a real
choice here, because the operator in the Begriffsschrift which is
usually called the class abstraction operator can just as validly
be thought of as a lambda abstraction operator., This is because
in Grundgesetze Frege did not distinguish between singular terms

and propositions. If the operator in question is applied to a
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predicate, it makes sense to call it a class abstraction
operator; but when it is applied to a functional sign, there is
greater justification in calling it a functional abstraction
operator,

As I said above, I do not regard this as conclusive proof that
Frege still thought that expressions like 'the concept ngggg'
were singular terms when he wrote Grundgesetze, but I do think
that it is fairly strong. 1In any case, even if Frege did not
think this, it is still possible that treating such expressions
as singular terms has consequences that are preferable to those
of the position that treats them as predicates. And I shall

explore that possiblity in the next Section,

An Alternative Proposal

The solution that Dummett and Geach put forward in order to deal
with Frege's paradox has - at first sight - a lot of
plausibility, but upon investigation it leads to several
unacceptable consequences, In the first place, the operator that
they use, namely, 'what ",.,." stands for', cannot be
accommodated in their accounts and yet it is essential to thenm,
It cannot be accommodated because, in order to do the job
required of it, it must belong to more than one syntactic
category., It must, for example, make a proper name out of a

proper name and also a predicate out of a predicate,
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It thus violates Frege's requirement that no expression be
assigned to more than one category. The alternative, in which
there are as many operators of the form 'what ",..." stands for!
as there are syntactic categories in our language, does not have
much to recommend it.

This is not the only unacceptable consequence of the Geach-
Dummett solution. Dummett's account leads him to a position in
which a large part of our vocabulary for talking about type and
category differences is banished from the language.
Alternatively, we are allowed to use this logically erroneous
terminology, if we do so carefully. Neither of these positions
are very attractive philosophically.

Geach's account, on the other hand, leads him to a position in
which meaningless strings of words are given definite and precise
uses in teaching people about Frege's philosophy. This - again -
is not very attractive philosophically,

The inadequacies of both Geach's and Dummett's solution to
Frege's paradox should encourage us to look for a better solution
and in this Section I want to explore the possibility that a
sensible theory can be formulated in which expressions like 'the
concept horse'! are genuine singular terms that really do refer to
objects., The best place to start from in trying to construct
such a theory is Frege's discussion of an attempted refutation of

his doctrine that concepts are unsaturated.<15> He considers the

<15> "On Concept and Object", pp.204-205. The discussion is
actually carried out by Frege in the realm of sense, but -
by the principle of parallel interpretation - it quite
clearly also applies in the realm of reference and on the
linguistic level,
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translation of the sentence 'the number 2 is a prime number' into
the number 2 falls under the concept prime number'., The first
sentence contains the predicate '{ is a prime number' which
refers to an unsaturated concept, whereas the second contains the
singular term 'the concept prime number' which refers to an
object, So, it looks as if the troublesome notion of
unsaturatedness has been removed., Frege points out, however,
that it has not been removed., What has happened is that the
second sentence contains the relational expression ;§ falls
unders" which is unsaturated and which refers to an unsaturated
relation, He writes: 'It is thus easy for us to see that the
difficulty arising from the "unsaturatedness" of one part of the
thought can indeed be shifted but not avoided.' ("On Concept and
Object", p.205,) This also applies to the linguistic and the
ontological levels, The word 'shifted' is unfortunate, because
the same expression cannot be both the unsaturated predicate
'% is a prime number' and the saturated singular term 'the
concept prime number' (and similarly on the ontological level),
What we are dealing with is a procedure which translates
unsaturated predicates into their corresponding saturated
singular terms.

The picture of language that Frege has here is that language
can be divided into two parts. One part of it contains a rich
multiplicity of unsaturated expressions, In this part of
language there are predicates like ;? rides', relational signs
like '§ lovesS ', functional signs of various levels, quantifiers

of several levels, truth-functional connectives and so on,
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Because of the variety of unsaturated expressions in this part of
language, we can call it the rich part.

But there is another part of language, Here there are
singular terms and little else, Corresponding to each variety of
unsaturated expression in the rich part of language there is a
singular term here, We might, therefore, call this the austere
part of language. Clearly, the austere part cannot just consist
of singular terms. There has to be at least one unsaturated
expression, In fact, there is no need to have more than one
unsaturated expression in the austere part of language and I
shall assume that there is only one,{16> In order to avoid
confusion, in this Chapter I will call the category of austere
singular terms 'E', In fact, it is best to consider E as being
the category of all the complete expressions in the austere part
of language., 1t, thus, contains propositions as well as singular
terms like '2' and 'Jack' and also like 'the concept horse!'.
Singular terms like '2' and 'Jack' are, in fact, the only
expressions common to the rich and austere parts of language.

The single unsaturated expression in the austere part of language
is of syntactic category E -=> (E =«> E) and it has a number of
linguistic incarnations. In the example Frege considers, the

rich proposition 'the number 2 is a prime number' is translated

<16> Although I shall often write this unsaturated expression as
'}' falls under § ', the expression I use is more general than
Frege's operator. 1 have deliberately generalised it in the
direction of the functional application operator of
combinatory logic. (This will be explained more fully in
Chapter 6,) This is justified because the two operators
have the same meaning in all the cases that Frege discusses
and he gives no indication of how his views should be
generalised,
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into the austere sentence 'the number 2 falls under the concept
Drime number' and the unsaturated expression from the austere
part of language is represented as ’f falls underg’ .L17> It can
sometimes be more idiomatically expressed as ’I applies to ? '
and its most succinet representation is '(IAE)‘.

One of the difficulties that results from allowing
propositions like 'the number 2 is a prime number' to be
translated into 'the number 2 falls under the concept prime
number! and then letting the latter be analysed into the two
singular terms 'the number 2' and 'the concept prime number' and
the austere unsaturated expression is that it is possible to re-
arrange the austere constituents in such a way that no
proposition constructed from rich components corresponds to it,
In order to illustrate this, it should be observed that as well
as allowing the above translation, Frege would also have to allow
the proposition 'Bucephalus 1s a horse'! to be translated into
‘Bucephalﬁs falls under the concept horse!'. And now it is
possible to combine both the singular terms ‘the concept prime

pumber' and 'the concept horse' by means of the unsaturated

<17> Long argues that the decomposition of 'the number 2 falls
under the concept prime number' into a relational sign
%’ falls underfS' and two singular terms is incorrect (see,
for example, his articles "Universals" and "Formal
Relations"). He says that it is much more plausible to
decompose this sentence into the singular term ‘'the number
2! and the predicate f} falls under the concept prime
number' and to regard this predicate as just a long-winded
version of ff is a prime number', Viewed as an account of
what goes on in the rich part of language this position has
much to recommend it, but it cannot be a correct account of
the way in which the austere part of language functions, If
there was no unsaturated expression there, then the austere
singular terms could not combine with one another,
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expression ;f falls under.S' to yield:

(17) The concept prime number falls under the concept horse.

But there is no way in which the corresponding unsaturated
expressions ;§ is a horse' and ’} is a prime number! can combine
together because the argument-place of each of them is not
fitting for the other,

Another example of this sort of austere proposition can be
constructed from an example that Frege discusses. He considers
the proposition 'the number 2 falls under the concept prime
number' and says that a similar problem to that of 'the concept
horse' can be constructed here, since the 'words "the relation of
an object to the concept it falls under"™ designate not a relation
but an object!' ("On Concept and Object", p.205). We can,
therefore, fill up both argument-places of the relational sign
'? falls underg’ by the singular term 'the relation of an object

to the concept it falls under' to give us the proposition:

(18) The relation of an object to the concept it falls under
falls under the relation of an object to the concept it
falls under,

There is a way, however, of isolating those combinations of
austere symbols that do have propositions constructed out of rich
expressions corresponding to them, 1In order to do this I need to

introduce the notion of an austere expression's functional
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character and also that of stratification.<18>

Every linguistic function in the rich part of language has a
category, for example, ‘f > S’ is of category N ==> (N ==> P),.
The austere saturated expression 'the relation greater than',
which is its translation, is not of this category. It is in fact
a singular term, but we can assign to it what I propose to call a
functional character which tells.-us what its powers of
significant combination are, In this case the name of the
functional charactef is written 'N ==> (N ==> P)' and its
extension to other cases should be obvious, To obtain the name
of a functional character from a category name simply replace
every single-shafted arrow '==>' by a double-shafted one
'==>',<19> The relation between category names and names of
functional characters generated by this translation induces a
relation between categories and functional characters,
A functional character x' corresponds to a syntactic category x
iff the name of x' has been obtained from that of x by replacing
every single-shafted arrow in the name of x by a double-shafted

one.<20>

<18> The notion of stratification was introduced by Quine in "New
Foundations for Mathematical Logic", but my account derives
from that of Curry and Feys in Combinatory Logic, pp.289ff.

<19> In order to simplify the discussion I ignore the fact that
in Chapter 1 I allowed the sign '¥' to be used in the
construction of category names, In any case, such category
names only play a small role in this thesis,

<20> I use the expression 'iff' as shorthand for 'if and only
if',
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The notion of stratification can now be defined as follows:

(1) Every saturated austere expression without any logically
relevant internal structure which has a rich counterpart
is stratified and its functional character corresponds to
the syntactic category of its rich counterpart,

(ii) An expression rﬁ falls under Y1 or F& applies to ij or
simply T(Y X)V is stratified and has the functional

character w iff X is stratified and has the functional

character v and Y is stratified and has the functional
character v ==> w,

An austere expression has a logically relevant internal structure
if it is made up from austere expressions which have functional
characters., Thus, 'the concept horse', under this account, has
no logically relevant internal structure., If an expression made
up from austere constituents is stratified, then the rich
components that correspond to those constituents can combine
together to form a syntactically coherent expression in the rich
part of language.

Under this definition the strings (17) and (18) - although
syntactically coherent expressions of the austere part of
language - are unstratified. Therefore, the rich components that
correspond to their austere constituents cannot combine together,
In other words, there are no rich propositions corresponding to
(17) and (18).

Similarly, it 1s possible to assign valencies to the referents
of all expressions of category E in the austere part of

language,.<21> In order to avoid confusion, I shall call these

<21> This notion of valency is different from the one that I used
in the Section "Propositional Unity" of Chapter 1.

[
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entities obs (the word comes from combinatory logic). Every
entity that is the referent of some expression from the rich part
of language has a type. The referent of the linguistic function
'? > E', for example, is of type J ==> (J ==> H)., The ob which
is the referent of the austere counterpart of this unsaturated
expression - namely, the relation greater than - is not of this
type, but we can assign to it what I propose to call its valency.
This tells us what its powers of meaningful combination are. 1In
this case the name of the valency is written 'J ==> (J ==> H)'
and its extension should be obvious, To obtain the name of a
valency from that of a type simply replace every single-shafted
arrow by a double-shafted one. The relation between names of
types and valency names generated by this translation induces a
relation between types and valencies. A valency x' gorresponds
to a type x iff the name of x' has been obtained from that of x
by replacing every single-shafted arrow in the name of x by a
double-shafted one,

Analogous to the notion of linguistic stratification defined
earlier it is possible to define a notion of ontological

stratification:
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(i) Every referent of an expression of category E which has
no logically relevant internal structure and which has a
riech counterpart is stratified and its valency
corresponds to the type of the referent of its rich
counterpart.

(ii) The referent of an expression of the form‘-x falls under
Y or X applies to Y! or simply T(Y X)! is stratified
and has valency w iff the referent of X is stratified and

has valency v and the referent of Y is stratified and has
valency v ==> W,

Expressions like ‘'the concept prime number falls under the
concept horse', which are not stratified do not have stratified
referents,

It is now possible to give a coherent account of such terms as
'entity' and 'function', To be precise, it is possible to give
an account of the predicates '? falls under the concept entity!
and '? falls under the concept function'.<22> It is possible to
give a coherent account of these although we can neither assign a
functional character to 'the concept entity’' nor to 'the concept
function'. These expressions do not have any logically relevant
internal structure, but - as shown earlier in this Chapter - they
do not have rich counterparts, Furthermore, their referents do

not have valencies,

<{22> The first of these is constructed by filling the second

argument-place of ’§ falls under { ' with the complete
expression 'the concept entitv' and the second results fron
filling the same argument-place with 'the concept functicgn',
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The satisfaction-conditions of the predicates ’} falls under
the concept entity' and '? falls under the concept function' are
given in this way. rX falls under the concept ggtitx_1 or rX is
an en’c.i’t:j;-l is true iff X is stratified. r.X falls under the
concept fgnctig£1 or PX is a f‘unctior;-I is true iff X is
stratified and the name of its valency (a) contains at least one
double-shafted arrow '==>' and (b) contains no occﬁrrence of the
valency name 'H',

There is no problem about incorporating the operators '...
refers to ___ ' and 'what "..." stands for' into the austere part
of language. '... refers to ___"' is just a relation between
complete austere expressions with a functional character and obs
that have a valency. And 'what "..." stands for' is an operator
which makes complete austere expressions out of complete austere
expressions. The satisfaction-conditions of these operators are
only slightly more complicated than those of the predicates ’? is
an entity' and ’? is a function',.<23> In order to make the
following account concise I shall write '(§‘¥)' instead of either
‘S applies to?' or ’\f falls under'g’. I also make use of what
Quine calls the disquotation operator. The disquotation of an

expression X or,[}(x) is simply the thing named by the expression

X. <28

<23> Needless to say, the operator '..., refers to ___' is built
up out of two tokens of the unsaturated expression
’§ applies tojS' and a suitable singular term, which I
propose to call the saturated reference operator.

<24> Quine, "Truth and Disquotation", p.5.
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In order to give the satisfaction-conditions of ',.,.. refers to
', we first require every proposition of the form

— )

(19) X refers to A (X),

to be true, where X is an austere saturated expression without
any logically relevant internal structure which has a rich

counterpart, Then, we require the following to hold:
o) My )()ﬁl refers to /) (r(Y )().l ),

for all stratified Y and X such that r(Y X;T is also stratified,
The disquotation of r(Y Xf1 is simply the disquotation of Y
applied to the disquotation of X,

The result of inserting a stratified expression in the gap of
'what ",,.," stands for' is an expression which is everywhere
substitutable salva congruitate and salva veritate with the
original expression,

Having explained how the predicates '} is an entity' and ’Y is
a function', the relational sign '... refers to ___"' and the
operator 'what ",.." stands for' can be accommodated in the
austere part of language it should not be too difficult to see
how other similar expressions can be handled there,

Before concluding I just want to make it explicit that the
austere part of language has two distinct classes of complete
expressions in it. The first is the class of all those austere

expressions which have analogues in the rich part of language.
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Members of this class are expressions like 'the concept rse'’
and 'the addition function' and 'the number 2 falls under the
concept prime pumber', Every expression in this class has a
functional character and its referent has a valency. The other
class of complete expressions in the austere part of language
consists of such expressions as 'the concept function', 'the
concept entity' and the saturated reference operator, These do
not have rich counterparts, they do not have functional
characters associated with them and their referents do not have

valencies assigned to them.<25>

Conclusion

Frege's notion of unsaturatedness is very attractive., And so is
the related idea of a language whose expressions are partitioned
into a multiplicity of discrete non-overlapping syntactic
categories, Associated with each category is a distinet kind of
unsaturatedness which unambiguously determines the powers of
combination of those expressions. Frege's Begriffsschrift is a
language built on these ideas. Although these ideas are very
a@tractive, we should be clear about the limitations of a

language constructed in accordance with them. It is impossible

<25> I proved earlier in this Chapter in discussing Dummett's
views that 'refers to' and 'entity' have to be banished from
the rich part of language, although I had not then
introduced the 'rich'/'austere’ terminology.
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in such a language to express the category differences on which
it is built and it is impossible to accommodate trans-categorial
operators in it. An important question to consider is: 'To what
extent is natural language a Begriffsschrift?' Dummett assumes
that it is and proposes a thoroughgoing revision of our
ontological vocabulary., Geach assumes it is, but rather than
outlawing all category differentiating "propositions" and all
"propositions" involving trans-categorial operators, he retains
them as meaningless strings of symbols. What I have shown is
that by building a theory in which phrases like 'the concept
horse' are genuine singular terms it is possible to accommodate
these kinds of proposition as being meaningful. Such an
advantage outweighs the initial unnaturalness of the theory. The
resulting language still needs an unsaturated expression, but a
single one will suffice, Because there is just one unsaturated
expression, we can discuss it explicitly when necessary. Such a
language does not violate any of Frege's principles, Its
syntactic simplicity is achieved by not including the
multiplicity of unsaturated expressions to be found in the
Begriffsschrift, This language has much in common with the
language of combinatory logic and some further advantages of that
will be mentioned in Chapter 6. My own contention is that
natural language is closer in syntax to such a combinatory

language than to Frege's Begriffsschrift,
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together and generalising to include expressions of any syntactic
category in the infinite hierarchy of categories we obtain the
general rule that an expression of category x is obtained by
comblning an expression of category 1xy with one of category y.
It is easy to see that Frege's four methods are instances of this
general rule. For example, to obtain the second method we
substitute '1EE' for 'y' and 'E!' for 'x' 1n the general rule,

Each version of categorial grammar contains this general rule
in one form or another and it is known by a variety of names.
Ajdukilewicz, for example, talks of cancelling in this connection
("On Syntactical Coherence", p,643), because in his notation an
application of this rule locks like the procedure of cancelling-
out when we multiply fractions by whole numbers. Geach refers to
it as the multiplying-out rule (™A Program for Syntax", p.484).
Although I and others call it a rule, it is lmportant to realise
that it 1s a rule schema which has an infinlte number of rules as
1ts instances. One for each pair of substitutlons of category
names for 'x' and 'y',

1 now introduce the notation and terminology that will be used
throughout this Chapter in discussing linguistic structures,<3>

A list of categories 1s elther the empty list or 1t 1s formed
by appending a category to a list of categories. The empty list
is represented by *'()'. A list containing a single category is

represented by writing the name of that category enclosed in

<3> There 1s no standard terminology for the concepts used in
categorial grammar, I have selected terms from various
authors and made up some of my own. My treatment is most
closely related to Lambek's 1n "On the Calculus of Syntactic
Types". '
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parentheses and a list with more than one component is
represented by writing the names of those categories between
parentheses and separated by commas. Using the standard class of
category names, the following are examples of lists of
categories: (P), (N, 1PN), (P, P, P, P, 1NN), and
(11PN1PN, 1PN, N). Lists of other sorts of entity are to be
understood analogously., It should be noted that lists are not
sets, Lists are essentlally ordered collections, so we can tzlk,
for example, of the first and second component of a list with
more than two members,

A paipr of things is a 1list consisting of just two things and a
structure of categories 1s either a category or a pair of
categories, I shall usually just talk of a structure rather than
a structure of categories, Examples of structures are:

(p, (P, 1NN)), ((N, N), (P, P)) and (1NN, (1PN, N)).

Contraction is a relation between structures and it is
represented by the arrow '=-=>', The letters 'S*', 'T', 'U' and
'V' stand for arbitrary structures, 'S --> T' can be read as 'S
contracts to T'.

I shall actually consider a number of contraction relations in
this Chapter, but they all have the following structural

properties:
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S ==>T T ==>U
(s1)

S -=>1U

S ==> T
(82)

(S, U) ==> (T, U)

S ==>T
(83)

(U, 8) ==> (U, T)

(S1) states that contraction is transitive. (S2) and (s3) say

that it is right and left monotonic, respectively, It should De

noted that contraction - as defined here - is not reflexive. The
horiiontal line in these structural rules is to be read as

'therefore', since they are rules of inference. I shall also

write:

S ==>T

U =-=>V
as

S=>T |- U==>V,
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As well as having these structural properties, all the

contractions I consider obey the multiplying-out rule:<i4>

(R1) (Ixy, y) -=> x,

Because we have the rules (S2) and (83) it is possible to apply
(R1) in the context of a larger structure, for example, as

follows:

(s, (ixy, y)) ==> (3, x).

In such cases, I shall simply talk of applying (R1), rather than
always explicitly mentioning that it is being done in the context
of a larger structure,

A structure which cannot be contracted to another structure 1s
said to be in pormal form. P, (1PN, 1PN) and (N, (N, P)) are all
examples of structures in normal form; whereas the following are
not in normal form: (1PN, N), ((11PPP, P), P) and (P, (1NN, N)).

This terminology and notation should become clearer by
considering an extended example, I shall look at one of

Ajdukiewlicz's examples, which (in Geach's translation) is:<5>

(1) Lilac smells very powerfully and roses bloom,

<4> It should be noted that this use of the word 'rule' is
different from its use in 'rule of inference’',

<5> "On Syntactilcal Coherence", p.640,
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The general problem of deciding or finding out which category an
expression belongs to is not relevant to my concerns here., For
my purposes it is sufficient to leave the categorisation of most
expressions at an intuitive level, The problems I ralse later
are independent of such issues, So, I shall assume the following

categorisations:

'lilac, 'roses': N,
'smells', 'bloom': 1PN,
'very': 111PN1PN11PN1PN,
'powerfully': 11PN1PN,

tand': 11PPP,

(The notation '"lilac", "roses": N' means that both 'lilac' and
'roses' are of category N. And it 1s to be understood similarly
if more than two expressions occur on the left separated by
commas, )

Given this categorisation and Ajduklewicz's example it is

possible to form the following list of categories:

(2) (N, 1PN, 111PN1PN11PN1PN, 11PN1PN, 11PPP, N, 1PN).

This list is obtained by looking - to begin with - at the last or
rightmost word in (1) and then moving through the sentence
expression by expression, We begln with the empty list and as
each expression of known category is encountered in the process

just mentioned we append its category to the front of our growing
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1ist of categories,

Before we can apply the multiplying-out rule (R1) to this we
have to transform it 1lnto a structure, Clearly, there are many
ways 1in which this could be done and the multiplying-out rule
will not apply to all the possible structures corresponding to
the 1ist (2), In this Chapter, when I say that a list of
categories gcannot be re-arranged to a structure which contracts
to a single category, this can always be proved by exhaustively
enumerating all the possible structures and showing that none of
them contracts to a single category. In order to prove that a
list does contract to a single category we try to prove that it
does not, If it really does contract, then we will not be able
to prove otherwlise, 1In the case of Ajdukiewicz's example, it 1s
possible to re-arrange (2) into a structure that contracts to a

single category and this structure is:

((11PPP, (((111PN1PN11PN1PN, 11PN1PN), 1PN), N)), (1PN, N)).

We can now apply the multiplying-out rule (R1) to thils structure.

Thls results 1n the new structure:

(3) ((11PPP, ((11PN1PN, 1PN), N)), (1PN, N)),

Repeating thils process we obtain the following sequence of

structures:
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(4) ((11PPP, (1PN, N)), (1PN, N)),
(5) ((1tpPP, P), (1PN, N)),
(6) ((11PPP, P), P),

(7) P,

I need to introduce two further technical terms before I can
begin discussing combination problems. In his version of
categorlal grammar Potts's distlnguishes between the semantic
structure of a proposition and its phonetic structure.<6> He
justifies the distinction by observing that different sentences
can have the same meaning and also that a single sentence can
have several meanings (because it i1s ambiguous). An example of

the filrst possibllity is given by the pair of sentences:

(8) Rommel was defeated by Montgomery at El1 Alamein,

(9) At El Alamein, Montgomery defeated Rommel,

The second possibillity can be exemplified by Chomsky's sentence:

(10) Flying planes can be dangerous.

Hence, according to Potts every meaningful sentence has at least

two structures, which - as I have already mentioned - he calls

the phonetic and the semantic., A proposition's phonetic

<6> In order to avold confusion with what I have called a
structure of categories, after this Section I will never use
the word 'structure! by 1tself when I mean either 'phonetic
structure' or 'semantic structure!,
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structure is that in virtue of which it qualifies as a sentence
of a partlicular language; and its semantic structure is that in g
virtue of which it has a meaning.<7> The sentences (8) and (9) |
have different phonetic structures, but the same semantic
structure, whereas (10) has two different semantic structures
associated with it., As further support for the distinction, he

observes that:

An expression may, indeed, have a semantlec structure but no

phonetic structure (a foreigner says something which is

ungrammatical but we nevertheless understand what he means);

equally, it may have a phonetic but no semantic structure

(mastery of the grammar of a language 1s no guarantee that j
every sentence one formulates has a meaning), ("Case=Grammar i
as Componential Analysis", pp.400-401,) 1

The term ‘'phonetic' 1s used by Potts because languages are, in
the first instance, spoken; but 1t must here be understood to

include written equivalents and also other means of encoding

sentences. The phonetic structure of sentences 1s what has, on
the whole, been studled by traditional grammar and syntax. Potts
stresses that the differences between phonetic and semantic
structure should not be confused with the difference between

surface and deep structure in transformational grammar:

in particular, there is nothing "deep" about semantic
structures and semantic structures are not related to phonetilc
ones by transformation rules or by any kind of computation
("Case-Grammar as Componential Analysis", p.400).

<7> "The Place of Structure in Communication", pp.99ff. ™A
General Theory of the Meaning of Anaphoric Pronouns", p.141,



184
He sees the relationship as one of projection.<8>
Having Introduced the baslic ldeas of a categorial grammar, I
now turn to a discussion of a number of comblnation problems and
to the solutions offered to these by Geach and Potts, The
combination problems I discuss only occur when we try to describe
natural language by means of a categorial grammar, They do not

occur, for example, in Frege's formalised language,

Predicate Negation

Negation 1s an operator which makes propositions out of
proposltions, In natural language 1t takes a varlety of
linguistic forms, but I shall simply express it here as 'not T ',
The Greek letter pl here stands in almost the same relation to a
proposition as the letter xi1 does td a singular term., Under the
conventlions explained in Chapter 1 this should be understood as a
linguistic function which prefixes the word 'not' to a
proposition in order to form a proposition, but I shall use it to
denote that linguistic operatlion which constructs the negation of
a proposition whatever form that negation might take. Thus, the
vglue of 'not T ' for the argument 'Socrates flies' 1s 'Socrates
does not fly' rather than 'not Socrates flies'. Clearly, the
exact formulation of such a linguistic function would be tricky

for English, but such convolutions are logically irrelevant,

<8> "The Place of Structure in Communication”, p.113.
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The structure of categories for the proposition 'Henry does

not snore' 1s:
(11) (1pP, (1PN, N)).

This contracts to P in two steps. There are times, however, when
we have to regard negation as an operator on predicates, In
order to justify the inference of 'Henry does not snore' from
'everyone does not snore' we have to see negation as forming a
syntactically coherent expression with the predicate '}‘ snores’,

The structure of categories for such a construct is:
(12) ((ipp, 1PN), N),

These differences can also be shown by means of bracketing. The
proposition corresponding to (12) can be written 'Henry (does not
snore)', whereas for (11) we have to resort to the quasi-English
‘not (Henry snores)', The problem with structure (12) is that it
does not contract to anything. It is in normal form., It 1is
impossible to apply rule (R1) to it, One way round this problem
is to introduce a negatlon operator on predicates, That is to

say, an operator of category 11PN1PN, Then, we would have the
structure for 'Henry (does not snore)':

(13) ((11PN1PN, 1PN), N),

whlch does contract to P, This however, does not help us in
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explaining the validity of the inference of 'not (Henry snores)'
(that is to say, the proposition 'Henry does not snore', where
the negation involved 1is propositional negation) from 'everyone
does not snore' (where the negation has to be understood as
predicate negation), because we have given no account of how
predicate negation relates to our ordinary propositional
negation, It looks as if we have to introduce two new rules of
inference to relate the two., One of these rules would justify
the inference of 'not (Henry snores)! from 'Henry (does not
snore)' and the other would justify the inference of 'Henry (does
not snore)' from 'not (Henry snores)'. Using '=' for
propositional negation and 'N' for predicate negation, these two

rules could be expressed, respectively, as:

(14) (NF)a |- =(Fa),

(15) =(Fa) - (NF)a.

Furthermore, we have to assume that these rules are tacitly
applied in many cases, Consider, for example, the following

propositlons:

(16) Everyone does not snore,
(17) Henry does not snore,
(18) Either Henry snores or Maxine hallucinates,

(19) Maxine hallucinates.

The inference of (17) from (16) and the inference of (19) from



187
(17) and (18) are both straightforward; but in order to explain
the validity of the inference of (17) from (16) we have to
interpret the negation involved as being predicate negation,
whereas in order to explain the validity of (19) from (17) and
(18) the negation involved has to be understood as propositional
negatlon, Thus - 1f we differentiate between propositional and
predicate negatlon - we cannot unite these two arguments by means
of the transitivity thema.<9> We have to first add the inference
of 'Henry does not snore' (where the negation involved is
propositional negation) from the proposition 'Henry does not
snore' (where the negation involved is predicate negation).

As well as adding these two new rules of inference to our
logic we would also have to add some sort of semantic rule to
give the meaning of predicate negatlon, Something along the
lines of: The predicate ’NF}’ is true of an arbitrary object iff
'F}’ is not true of it,

If we decide to distinguish between predicate and
propositional negation in this way, we will soon find that we
have to add a large number of different negations to our language
and, at least, a corresponding number of new inference rules and
new semantic rules., This is because we would have to introduce a
version of negation that has arguments and values that are two-
place predicates and another version whose arguments and values

are three=place predicates and so on, In fact, we would have to

<9> The word ‘'thema' is taken over from the Stolec logicians, who
used it to describe the process of turning one or more
arguments into another 1n such a way that 1f all the original
arguments were valid, then so was the conclusion. Geach
discusses the method in Chapter 14 of Reason and Argument.
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introduce at least as many versions of negation as there are
different polyadicities of predicate in our language. This would
lead to a very complicated logic,

Rather than distinguishing between propositional and predicate
negation (and other sorts of negation) Geach considers the
negatlon lnvolved in a proposition like 'everyone does not snore!’
to be propositional negation and in order to justify the
syntactic coherence of thils negation and a predicate he
introduces a recursive multiplylng-out rule,<10> which can be

formulated 1n the notation I am using as:

(R2) (w, x) =->y - (w, 1x2) -=> 1yz.

Substituting '1PP' for ‘'w', 'P! for 'x' and ‘'y' ,and 'N' for 'z’

glves us:

(20) (1PP, P) ==> P |= (1PP, 1PN) --> 1PN,

The premise in (20) holds by substituting into the original

multiplying-out rule (R1), giving us:

(21) (1PP, P) -=> P,

From (20) and (21) it follows that:

<10> "A Program for Syntax", p.485 and "Should Traditlonal
Grammar be Ended or Mended?", p.21. See also Potts's
"Fregean Grammar", p.11.
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(22) (1PP, 1PN) -=> 1PN,

This justifies the syntactic coherence of '} does not snore',
It also shows us that 'Henry (does not snore)' is syntactically

coherent, 1Its structure 1s given by
(23) ((1PP, 1PN), N),

And (22) allows us to contract (23) to
(24) (1PN, N),

and (24) contracts to P by means of the orlginal multilplying-out

rule,

Geach's recursive rule also justifles the syntactic coherence
of propositional negation and a two-place predicate., To see
this, we need to substitute '1PP' for 'w', '1PN' for 'x' and 'y'

and 'N' for 'z' in (R2)., This gives us:
(25) (1pPP, 1PN) -=> 1PN |- (1PP, 11PNN) --> 11PNN,

‘

The premise has already been shown to hold as (22), so it follows

that:
(26) (1PP, 11PNN) ==> 11PNN,

The recursive rule (R2) also justifies the syntactic coherence
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of propositional negation and a three-place predicate,

Substituting in (R2) gives us:

27 (1PP, 11PNN) ==> 11PNN

(1PP, 111PNNN) -=> 111PNNN,

And the premise has been shown to hold as (26).

The way in which (R2) can be used to justify the syntactic
coherence of negatlon and a predicate of any polyadicity should
be obvious. Assuming that we have justified the syntactic
¢oherence of negation and a predicate of polyadicity 1, we make
appropriate substitutions in (R2) to ensure that the premise of
the resulting inference is the same as the contraction which
justified negatlon combinlng with the predicate of polyadicity 1.
The conclusion 1s then the requlred justification for the
syntactlc coherence of negatlon and a predicate of polyadicity

i+ 1.
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Double Negation

A similar argument to that used to justify the syntactic
coherence of propositional negation and a predicate shows how two
negations can comblne together.<11> The followlng is a

substitution instance of (R2):

(28) (ippP, P) ==> P |- (iPP, 1PP) --> 1PP,

And the premise of this holds by (R1).

A Derived Contraction Schema

The similarity mentioned in the previous Sectlon can be shown by

the following derived contraction schema:

(p1) (1xy, 1yz) ==> 1ixz,

This follows from (R2) by substituting 'ixy' for 'w' and

observing that the premise always holds by (R1). In order to use

(D1) to justify the syntactic coherence of both propositional

<11> Frege thought that two negations could combine, See
"Negation", p.156, where he makes this point about the
senses of two negations, By the principle of parallel
interpretation, however, it also holds on the linguistic
level,
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negation with a predicate and also of two negations, we
substitute 'P' for 'x' and 'y'. In order to justify the
combination of propositional negation and a predicate we also
substitute 'N' for 'z' and to justify two negations combining we
substitute 'P!' for 'z' instead.

(D1) can also be used to show the syntactic coherence of a
quantifier of category 1P1PN with a relational sign of category
11PNN. Substituting 'P' for 'x', '1PN' for 'y' and 'N' for 'z'
in (D1) shows that a quantifier and a relational sign combine to

give a predicate:

(1P1PN, 11PNN) =--~> 1PN,

Internal Conjunction

Conjunction is a binary truth-functional connective, so it is a
linguistic function which makes a proposition out of two
propositions, Thus, from 'Henry snores®' and 'Maxline swears' it
makes 'Henry snores and Maxlne swears'., But on occasion 1t looks
as if it ylelds a predicate when applied to two predicates, For
example, in the proposition 'Joseph drinks and smokes',

Corresponding to this 1s the list of categories:
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(11PPP, 1PN, 1PN, N),
We would like to transform this to the structure
(((t1PPP, 1PN), 1PN), N),

which we would like to contract to P, but if rule (R1) is our
only rule, then thils structure cannot be contracted to anything,
Thus, with just the basic multiplying-out rule the proposition
'Joseph drinks and smokes' cannot be shown to be syntactically
coherent, yet intuiltively it 1s perfectly acceptable,

It 1s possible to "solve"™ this problem by introducing a
conjunction operator that makes a predicate out of two
predicates, that is to say, a function of category 111PN1PN1PN,
but this leads to problems similar to those discussed in
connection with predicate negation,

Within the framework of a categorial grammar there are two
different ways of handling this problem depending on whether you
distinguish between the syntactic categories 11PPP and 2PPP and
on whether you categorise conjunction as belonging to 11PPP or
2PPP. I shall first present the solution offered by Potts (which
treats conjunction as belonging to the category 11PPP) and then I
shall present Geach's solution (which treats conjunction as

belonging to category 2PPP).<12>

<12> Potts's solution 1s presented in "A General Theory of the
Meaning of Anaphoric Pronouns", pp.155~157, 166-171 and
194-195, Geach's solution is in "A Program for Syntax",
pp.485-486,
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Potts's Solution Potts first shows how conjunctlon can
combine with two predicates to form a relational sign by means of
the basic multiplying-out rule, The use of this rule should be

clear now, so I willl just present the skeleton of the argument.

(29) (11PPP, P) =-> 1PP R1

(30) (11PPP, 1PN) ==> 11PPN R2 29

(31) (1pPP, 1PN) ==> 1PN D1

(32) (1PN, 1PP) -=> 1PN switch 31
(33) (1PN, 11PPN) ==> 11PNN R2 32

(34) (11PPN, 1PN) «=> 11PNN switch 33.

This justifies the following contraction:
(35) ((11PPP, 1PN), 1PN) -=> 11PNN,

since (35) follows from (30) and (34) by the fact that
contractions are allowed in context, and (35) justifiles the
syntactic coherence of the expression ’? drinks andS smokes',

It should be observed that in the argument just given I have
been forced to make use of a new structural inference rule,

namely, switeh., Thls is given by the following schema:
(x’ Y) ""> 4 =- (Y, x) -"'> Ze

Although the use of this structural rule 1s essential in

Jjustifying the syntactle coherence of many combinations of
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expresslons, Potts never makes this fact explicit.

Having shown how conjunctlon comblnes two predicates into a
relational sign Potts then introduces an operator which turns a
relational sign lnto a predicate. It is, thus, of category
11PN11PNN., According to Potts thls operator corresponds to the
anaphoric use of varlous kinds of pronoun in English and in this
example it is represented by 'he'. Thus, we have that i} drinks
and he smokes' is of category 1PN, Potts has thus shown the
syntactlc coherence of 'Joseph drinks and he smokes' and he then
uses his distinctlon between the phonetlc structure of a
proposition and its semantic structure to show how 'Joseph drinks
and smokes' 1s an acceptable projection of 'Joseph drinks and he

smokes',

's_Solut In-this Subsection I allow the numeral ‘2!
to be used 1n the formation of category names, Geach uses the
difference between expresslons of category 11PPP and those of
category 2PPP to distingulsh between subordinating and
coordinating two-place connectives., Subordinating connectives,
like 'if', belong to category 11PPP, whereas coordinating
connectives, such as 'and' and ‘'or', belong to category 2PPP.<13>
Thus, Geach would accept Potts's solution in order to §how the
syntactic coherence of propositions like 'if Jack 1s asleep, then
he is at home', but he has to provide a different solution 1n
order to deal with internal conjunction. He lntroduces an extra

multiplying~out rule and an extra recursive rule to help us deal

<13> "A Program for Syntax", p.i485,
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with expressions belonging to categories of the form 2xyz, These

are:

(G1) (2xyy, ¥, ¥) =--> X,

(G2) (u, v, v) ==> x {= (u, tvy, 1vy) ==> ixy,

The multiplying-out rule (G1) justifies the syntactic coherence

of a proposition like 'Henry snores and Maxine swears'; since

this has the following structure:<i4>

(2pPP, (1PN, N), (1PN, N)).

Thilis contracts to:

(36) (2ppP, P, P).

And this is just a substitution instance of (G1). The structure

of the proposition 'Joseph drinks and smokes! 1is:

(37) ((2ppP, 1PN, 1PN), N),

Substituting '2PPP' for 'u', 'P' for 'v' and 'x' and ‘N' for 'y’

in (G2) gives us:

<1l4> Because I allow categcry names of the form '2xyz' in this
Subsection, the notion of a structure is slightly different,
Here, a structure 1s either a category or a pair of
structures or a triple of structures., Clearly, the
contractlion relation 1s also slightly altered.
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(38) (2PPP, P, P) ==> P |- (2PPP, 1PN, 1PN) -=> 1PN,

The premise of (38) has been shown to hold as (36), therefore we

can infer:

(39) (2PPP, 1PN, 1PN) -~> 1PN,

And thils justifies the syntactic coherence of 'Joseph drinks and

smokes',

Other Combination Problems Involving Conjunction

Conjunction -~ and two-place connectives in general - give rise to
a whole group of combination problems. 1In this Section I shall

discuss the ways 1n which the propositions 'Jack loves and hates
J111' and 'Jill suspects and fears that Jack loves Maxlne' can be

shown to be syntactically coherent,

'Jack lov 111! The strategy behind this
derivation is as follows. (A) We show that conjunction combines
with two relational expressions to form a four-place relational
sign. (B) This four-place relational sign is combined with a
pronoun operator to obtain a three-place relational sign,

(C) This three-place relational sign 1s comblned with another
pronoun to form a two-place relational sign., (D) This two-place

relational sign is combined with two names to yield a
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proposition,
In order to carry out stage (A) we first need to show that
conjunction and a relational sign contract to an expression of

category 111PNNP,

(40) (1PP, P) ==> P R1

(41) (1PP, 1PN) -~> 1PN R2 40

(42) (1PN, 1PP) =--> 1PN switch 41
(43) (1PN, 11PPN) -=> 11PNN R2 42

(44) (11PNN, 1PP) ==> 11PNN switch 43
(45) (11PNN, 11PPP) -=> 111PNNP R2 Uy

(46) (11PPP, 11PNN) -=> 111PNNP switch 45,

To complete stage (A) we have to show that an expression of
category 111PNNP combines with a relational sign to form a four-

place relational sign. Thils is achieved in this way:

(47) (111PNNP, P) ==> 11PNN R1
(48) (111PNNP, 1PN) --=> 111PNNN R2 47
(49) (111PNNP, 11PNN) -=> 1111PNNNN R2 48,

Putting (46) and (49) together justifies the contraction:

(50) ((11PPP, 11PNN), 11PNN) -~> 1111PNNNN,

Stage (B) is easier to carry out., It is obtained as follows:
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(51) (11PN11PNN, 11PNN) --> 1PN R1
(52) (11PN11PNN, 111PNNN) ==> 11PNN R2 51

(53) (11PN11PNN, 1111PNNNN) -~> 111PNNN R2 52,

Stage (C) was achieved in the course of stage (B), namely, (52),

Combining (50), (53) and (52) justifies this contraction:

(11PN11PNN, (11PN11PNN, ((11PPP, 1PNN), 1PNN))) --> 11PNN,

And an expression of category 11PNN combines with two singular

terms to form a proposition. Thus, we have just shown that the

structure:

(((11PN11PNN, (11PN11PNN, ((11PPP, 11PNN), 11PNN))), N), N)

contracts to P, This is the structure of the proposition:

(54) Jack loves Jill and he hates her,

which is a semantlc structure of the proposition with phonetic

structure:

(55) Jack loves and hates Jill,
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! and rs t ve X ! In the

proposition

(56) Jill suspects and fears that Jack loves Maxine

the operators 'suspects' and ’fears' are both of category 11PNP,
that 1s to say, they both make a proposition out of a singular
term and a proposition.<15> The strategy involved in justifying
the syntactic coherence of (56) is the following. (A) We first
show how conjunction combines with two expressions of category
11PNP to form an expression of category 1111PNNPP, (B) We then
show how such an expression combines with a pronoun to form an
expression of category 111PNPP, Thils 1s then shown to combine
wlth a singular term to glve an expression of category 11PPP,
(C) The expresslon of category 11PPP 1s then shown to combine
with a "pro-proposition" operator to yield an expression of
category 1PP, which combines with a proposition to give the
result. The "pro-proposition" is of category 11PP11PPP,

Stage (A) 1s carrled out in two parts, First, we show how
conjunction and an expression of category 11PNP combine to yield

an operator of category 111PNPP:

<15> Prior argues for such a categorisation in QObjects of
Ihought, pp.16=-21.
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(57) (1PP, 1PN) -=> 1PN D1

(58) (1PN, 1PP) -=> 1PN switch 57
(59) (1PN, 11PPP) ==> 11PNP R2 58
(60) (11PPP, 1PN) ==> 11PNP switch 59
(61) (11PPP, 11PNP) -=> 111PNPP R2 60,

In the second part of stage (A) we show how an operator of
category 111PNPP combines with an expression of category 11PNP to

yield an expression of category 1111PNNPP:

(62) (11PNP, P) ==> 1PN R1

(63) (11PNP, 1PN) -=> 11PNN R2 62

(64) (11PNP, 11PNP) ==> 71PNNP R2 63

(65) (11PNP, 111PNPP) =--> 111PNNPP R2 64

(66) (111PNPP, 11PNP) -=> 1711PNNPP switch 65.

Combining these two results, that is to say, (61) and (66) gives

us:

(67) ((11PPP, 11PNP), 11PNP) --> 111PNNP,

Stage (B) 1s easier to carry out, It is done in this way:

(68) (11PN11PNN, 11PNN) =-=> 1PN R1
(69) (11PN11PNN, 111PNNP) -=> 11PNP R2 68

(70) (11PN11PNN, 1111PNNPP) --> 111PNPP R2 69.
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It 1s slightly more tricky to show how an expression of category

111PNPP combines with a singular term:

(71) (1PN, N) ==> P R1
(72) (N, 1PN) ==> P switch 71
(73) (N, 11PNP) ==> 1PP R2 72

(74) (N, 111PNPP) ==> 11PPP R2 73

(75) (111PNPP, N) ==> 11PPP switeh T4,

Stage (C) is entirely straightforward:

(76) (11PP11PPP, 11PPP) --> 1PP,

and 1PP comblnes with a proposition to yleld a proposition,

Putting (67), (70), (75) and (76) together justifies the

contraction of the structure

(11PP11PPP, ((11PN11PNN, ((11PPP, 11PNP), 11PNP)), N), P)

to a proposition, And this 1s the structure of:

(77) Jill suspects that Jack loves Maxine and she fears it,

which is a semantic structure of the proposition with phonetic

structure:
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(78) Jill suspects and fears that Jack loves Maxine,

The pro-proposition introduced in the course of justifylng
that this example 1s syntactically coherent i1s similar to Potts's
pronoun, The category of the pronoun 1s 11PN11PNN, that 1s to
say, 1t makes a predicate out of a relational sign by identifying
the relational sign's two argument-places, And the category of
the pro-proposition is 11PP11PPP. It makes an expression of
category 1PP out of one of category 11PPP by ldentifying the

latter expression's two argument-places.

Quantifier and Negation

It 1s possible to construct examples in which we have to see a
quantifier and negation forming a syntactic unit, For example,
this has to be the case in the inference of 'there 1s something
not everyone is' from 'not everyone 1s a hospital porter!.<16> In
the context of thls Inference the latter proposition has the

structure:
(79) ((i1PP, 1P1PN), 1PN),

This can be shown to be syntactically coherent by rule (R2).

Substituting in this we get:

<16> This example is derived from Dummett's Frege, p.69.
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(80) (1PP, P) ==> P |- (1PP, 1P1PN) --> 1P1PN,

The premise of this holds by (R1), therefore (79) contracts to:

(81) (1P1PN, 1PN),

and this contracts to P by (R1).

Other modes of combination of a quantifier and negation are
more difficult to deal with, Consider the 1nference of 'there is
somethling someone 1s not' from 'someone 1s not a hospital
porter'., In thls context the latter proposition has the

structure:

(82) ((1P1PN, 1PP), 1PN),

If we only have rules (R1) and (R2) at our disposal, then this
does not contract to anything. It 1s in normal form.
Intuitively, the problem is that we cannot show the "internal”
'P'" of '"1PI1PN' combining with the first 'P' in '1PP' to contract
to 1P1PN. 1In order to solve this problem Potts introduces a
further recursive rule, which I shall refer to as his recursive
rule (R3).<17> In the notation I am using it 1s formulated as

fqllows:

<17> "Fregean Grammar", pp.16-17.
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(R3) (tuv, w) -=> 1xy - (lulvz, w) --> ixiyz,

Given this rule we can show how the structure (82) contracts to
P, Clearly, it is only necessary to show how (1P1PN, 1PP)
contracts to 1P1PN. Substituting 'P' for 'u’, 'v';, 'x' and 'y’,

'*1PP' for 'w! and 'N' for 'z' in rule (R3) gives us:

(1PP, 1PP) -=> 1PP |- (1P1PN, 1PP) =-=> 1P1PN,

And the premise of this can be shown to hold by making

appropriate substitutions in (D1).

Further Structures Underiveable Without Potts's Rule

There are at least two other combinations of expressions that
cannot be shown to be syntactically coherent without Potts's
recursive rule (R3). These are the comblnation of two
quantifiers of category 1P1PN to form an expression of category
1P11PNN and the combination of conjunction and a personal pronoun
to form a relative pronoun,<18> I shall look at each of these in

turn,

<18> These are discussed in Potts's "Fregean Grammar", p.17, and
his "A General Theory of the Meaning of Anaphoric Pronouns",
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Ivwo Quantifiers In order to justify, for example, the
inference of 'there is some relation that everyone stands in to
someone' from 'everyone loves someone' the two quantifiers of
category 1P1PN involved must form a syntactically coherent
subexpression, Thus, we have to show that (1P{PN, 1P1PN)
contracts to 1P11PNN. Substituting 'P' for tu', 'v' and 'x!,

'"1P1PN' for 'w' and '1PN' for 'y' in (R3) gives us:

(1pP, 1P1PN) -=> 1P1PN |- (1P1PN, 1P1PN) ==> 1P11PNN,

and the premise of this holds by (D1).

The Relatlve Pronoun Potts argues that relative pronouns such
as 'who' are of category 111PN1PN1PN, that is to say, they make a
predicate out of two other predicates, Furthermore, he belileves
that the relative pronoun 'who' is composed of conjunction and a
personal pronoun of category 11PN11PNN.<19> Intuitively, it does

seem as 1f the following two propositions have the same semantilc

structure:

(83) Socrates, who was a philosopher, lived in Athens,

(84) Socrates 1lived in Athens and he was a philosopher,

But in order to show that (11PN11PNN, 11PPP) reduces to

111PN1PN1PN we have to make use of the recursive rule (R3), since

<19> This position is also argued for by Geach, in "Quine's

Syntactical Insights", pp.152ff., who calls it the Latin
prose theory of relative clauses,
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it cannot be shown otherwise. The derivatlion 1s as follows:

(85) (11PNP, P) ==> 1PN R1

(86) (11PNP, 1PP) ==> 11PNP R2 85
(87) (1PP, 11PNP) ==> 11PNP switch 86
(88) (1PP, 11PN1PN) ==> 11PN1PN R3 87
(89) (11PN1PN, 1PP) ==> 11PN1PN switch 88
(90) (11PN1PN, 11PPP) =~> 111PN1PNP R2 89
(91) (11PPP, 11PN1PN) --> 111PN1PNP switeh 90
(92) (11PPP, 11PN11PNN) ==> 111PN1PN1PN R3 91.

The list of categories of proposition (84) is

(N, 1PN, 11PPP, 11PN11PNN, 1PN),

Thls can be transformed to the structure

((((11PN11PNN, 11PPP), 1PN), 1PN), N),

which contracts - as a result of (92) - to

(((111PN1PN1PN, 1PN), 1PN), N),

and this is the structure of proposition (83).

This concludes my discusslon - in thils Chapter = of"

combination problems and the ways in which Geach and Potts solve

them, Before critlclsing thelr solutlions, I want to explore some
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of the ideas involved in constructing a categorial grammar for

natural language a blt further,

Syntactic Completion Analysis

'Syntactic completion analysis' 1s the name that Hiz glves to the
principle that 1f we remove an expression of category x from an
expresslon of category y, then the resulting expression is of
category 1yx.<20> Potts calls this Frege's analytical
procedure,<21> And Dummett calls it the extractlon of functions,
adding that here he 1s *using "function" 1n its Begrlffsschrift
sense',<22> A particular 1nstance of 1t 1s also one of the
component steps allowed in the step-by-step construction of a
sentence, which Dummett discusses thoroughly in Frege, This
principle is clearly derived from Frege's second way of making
names out of names,<23> Frege restricts this second procedure to

making names of first-level functions with argument-places of

<20> In hils paper "Syntactic Completion Analysis". I have been
unable to see a copy of thils paper, so my knowledge of its
content 1s derived from Lehrberger's discussion of it in his

book Functor Analysis of Natupal Language, pp.48-49., Hiz's

principle 1s actually more complicated because his notation
for categories makes allowance for word order. Thus, he
assigns 'Caesar killed' and 'kKilled Caesar' to different
categorles,

<21> "Fregean Grammar", p.7.

<22> The Interpretation of Frege's Philosophy, p.281,
<23> Grundgesetze, Section 30,
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type 1, but later writers have generalilsed 1t,

A simple consequence of the principle of syntactic completion
analysls 1s that every proposition has a countably infinite
number of distinct decompositions, Conslder, for example, the
proposition 'Socrates flles'. We can assume that 'Socrates' 1s a
singular term, Therefore, by thls principle, we can say that
’? flies' is of category 1PN, But reméving f§ flles! from
'Socrates flles' results ln the expression ‘ﬁ7(Socrates)' of
category 1P1PN., (Put '1PN' for 'x' and 'P' for 'y' 1n the above
formulation of thils principle.,) Frege is aware of this
possibility, since in Grundgesetze (Section 22) he writes about

the referents of such expressions:

We also have a second-level function in}b (2)eses This

second~level function 1s distinet from the number 2 iltself,
since, like all functions, 1t is unsaturated.

This possibility is mlsinterpreted by Baker and Hacker, who

write:

Even if the judgeable-content € (A) is first described as
ascrlibing a property to an object named by 'A', 1t can with
equal propriety be characterised as stating that the concept

falls under a second-level concept; the content & (A), as
it were, contains a second-level concept... On thls second
interpretation, Frege apparently concluded through an argument
by elimination, the symbol 'A' must 1tself be viewed as the
name of a segcond-level concept.<2i>

Just because 'Socrates fliles', for example, can be decomposed

<2)4> Erﬁge, pn166¢
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into the predicate '? flles' and the singular term 'Socrates' as
well as into the same predlcate and the second-level lingulstic
function ’?D(Socrates)‘, it does not follow that 'Socrates’
refers to the same entlty that this second-level linguistic
function refers to.

But these are not the only ways in which 'Socrates flies' can
be decomposed. As 'f’ (Socrates)! occurs in 'Socrates flies' it
is possible to remove 1t to obtain an expression of category
1P1P1PN, which we might symbolise temporarily as ',.. flies’',
(Put '1P1PN' for 'x' and 'P' for ‘y' in the above principle.)

But this 1is still not the end of the matter., As ',.. flies'
occurs in 'Socrates flies' we can remove it to obtain an
expression of category 1P1P1P1PN and, quite clearly, thls process
can be carrled on indefinitely.

Thus, we can see that singular terms have analogues on every
even level in the infinite hlerarchy of expressions and
predicates have analogues on every odd level. A similar argument
would show that quantifiers of category 1P1PN have analogues on
every higher even category. In fact, in general, an expression
of category x of level 1 has analogues on every level j if j is
greater than 1 and the difference between j and 1 is a multiple
of 2.

'zReflecting on the possibility of decomposing one and the same
proposition 1in a number of distlnct ways as discussed above shows
us that the original formulation of the principle of syntactic
completion analysls 1s imprecise, since removing a predicate, say

'f flies', from a proposition, say 'Socrates flies', can result
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elther in a proper name 'Socrates' or 1n a second-level
lingulistic function ‘fD(Socrates)’. What 1s mlssing from the
formulation 1s that we should only regard the principle as being
correct 1f the expresslon belng removed is always thought of as
belng the argument of the resulting lingulstic function and this

is how I shall think of 1t from now on,

Potts's Pro=Verb

It 1s theoretically possible to decompose the proposition
'Socrates flles' into a second-level lingulstic function
'f9(Socrates)’ and a predlcate 'f flies', but is there any reason
to think that this is ever practically necessary? Consideration
of examples involving the operator that Potts calls the pro-verb
suggests that there are occaslons when it 1s helpful. The pro-
verb 1s a third-level analogue of the second-level pronoun and
its category 1s 11P1PN11PIPN1PN, Whereas Potts's pronoun
operator makes a predicate out of a relational sign by
identifying the relatlonal slgn's two argument-places, the pro-
verb makes an expression of category 1P1PN out of one of category
11P1PN1PN by 1ldentlfying the latter expresslon's two argument-

places, It 1s needed in the following sort of proposition:<25>

<25> I owe thls example to Dr Potts,
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(93) If all of the Asian ambassadors refuse to come,
then so will some of the Afrlcan ambassadors,

It is not necessary to categorise all the individual words of
this example, It is sufflcient to see that both the phrases ‘all
of the Asian ambassadors' and 'some of the African ambassadors'
are quantifiers of category 1P1PN and that 'refuse to come' is a
predicate. The pro-verb is represented in the phonetic structure

(93) by 'so', The list of categories of this proposition is:

(94) (11pPP, 1P1PN, 1PN, 11P1PN11P1PN1PN, 1P1PN)

and its structure 1is:

(95) ((11P1PN11P1PN1PN, ((11PPP, 1P1PN), 1P1PN)), 1PN),

To show that thils cancels to P we need to use Geach's first

recursive rule (R2) to show that:

(96) ((11PPP, 1P1PN), 1P1PN) --> 11P1PN1PN,

This 1s done as follows:
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(97) (1PP, 1P1PN) ~=> 1P1PN D1

(98) (1P1PN, 1PP) --> 1P1PN switch 97
(99) (1P1PN, 11PPP) --> 11P1PNP R2 98
(100) (11PPP, 1PiPN) --> 11P1PNP switch 99
(101) (11P1PNP, 1Pi1PN) --> 11P1PN1PN D1.

The result that (96) holds follows from (100) and (101). It is
then straightforward to show that (95) contracts to P.
But with such a pro-verb the following sentence cannot be

shown to be syntactically coherent:

(102) If Maxine refuses to come, then so will Jack,

It has the list of categoriles

(103) (11PPP, N, 1PN, 11P1PN11P1PN1PN, N)

and there 1s no way to rearrange this list so that the resulting

structure contracts to P. Yet, intuitively the proposition (102)

is perfectly acceptable. Potts's solution to this problem 1s to

categorise the proper names that occur in (102) as being of

category 1P1PN, Then, it 1s possible to show that (102) is
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syntactically coherent, since it has the same structure as (93),
namely (95).<26>
I shall not consider the ramifications of systematically
treating all occurrences of proper names as belng of category
1P1PN, The purpose of thls Sectlon was to present some evidence

to show that dolng this dces have some advantages.

The Use of Syntactlc Completion Analysis

The princlple of syntactlc completion analysis 1s usually used to
determine the unknown category of an expression or phrase on the
assumptlon that we know the categories of other expressions or
phrases, Some examples willl make this procedure clear. Say, we
want to find out the category of the reflexive pronoun 'himseif?,
In the proposition 'Canning killed himself' we know that
'Canning' 1s of category N amj'? killedS' is of category 11PNN,
It is also the case that '{ killed himself’ is of category 1PN,
Therefore, letting 'x' stand for the category of 'himself!, we
have elther that (11PNN, x) --> 1PN or that (x, 11PNN) -=> 1PN,
The first alternative is the case in which we think of 'himself!

as being another argument to '§ killed S'. In this case x must

<26> Potts discusses the pro=-verb in his paper "A General Theory
of the Meaning of Anaphoric Pronocuns®, pp.190ff, Montague
also treats proper names as belonglng to the same category
as quantifiers, for example, in his paper "The Proper
Treatment of Quantification in Ordinary English". But his
reasons for dolng so are different from Potts's,
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be N, but we know that 'himself' 1s not a singular term, So, we
have to pick the second alternative, In thils case 'himself' is a
linguistic function which turns a relational sign into a
predicate, therefore x is 11PN11PNN and this is the correct
categorlsation of 'himself?',

The method of syntactic completlion analysls 1s a powerful way
of extending our knowledge of how varlous expresslons should be
categorised, given that we know how to categorise a number of
basic expressions, Without 1t the programme of devising a
categorial grammar for natural language would be crippled., It
would be too much of a digression for me to give lots of examples
of 1ts usefulness, so I will give just one more example.<27>

Say we are interested in finding out how to treat prepositions

in a categorial grammar., Let us consider the proposition:

(104) Raleigh smoked in London,

Our Intultlon suggests that the syntactically coherent

subexpressions of thls are shown by the bracketing:

(105) Raleigh (smoked (in London)),

Let us use 'y' to represent the category of 'in London', Thus,

the structure of (104) is given by

<27> This is adapted from Geach's "A Program for Syntax",
pp.490-492,
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(106) ((y, 1PN), N)

and so we know that

(107) (y, 1PN) ==> 1PN

must hold. Therefore, y 1s 11PN1PN. Now let us use 'x' to
represent the category of 'In'. We have established that 'in
London' 1s of category 11PN1PN., We know that 'London' is a
proper name,., Assuming that 'in' 1s the function and 'London' the
argument, by the principle of syntactic completion analysls we
can infer that 'in' 1s of category 111PN1PNN., That is to say, it
takes a proper name 1lnto an operator that makes predicates out of

predicates,

Difficulties with the Geach-Potts Solutions

In this Section I turn my attention to criticising the method
adopted by Geach and Potts to solve the various combination
problems, The recursive rules that they introduce for this
purpose are unacceptable for at least four reasons. (a) The
introduction of thelr rules has the consequence that there are a
number of propositlions and other expressions in the justification
of whose syntactic coherence occur Intermediate structures which

cannot be Interpreted. (b) The introduction of thelr rules
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destroys Frege's partitioning of the expressions of a given
language into discrete non-overlapping syntactic categories,
(¢) The introduction of thelr rules destroys the universal
validity of the principle of syntactic completion analysis,
(d) The introduction of their rules has the consequence that one
and the same structure may contract to two distinct normal forms.

I will now explaln each of these criticisms 1n greater detaill,

inte n te R £ In justifylng the
syntactlc coherence of various combinations of expressions by
means of the rules (R2) and (R3) in this Chapter I have been
forced to make use of the structural rule of inference syilteh,

which has the following property:

(x, ¥y) ==> 2z = (¥, X) ==> 2z,

but such a rule vlolates one of the fundamental assumptions of a

categorlal grammar. The notation

(108) (%, y) ==> z

means that an expression of category x, considered as a

lingulstic function, ylelds an expression of category z when

applied to an argument of category y. Similarly, the notation

(109) (y, x) ==> z

means that an expression of category y, considered as a
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linguistic function, ylelds an expresslon of category 2z when
applied to an argument of category x., Understood in thils way, a
rule converting (108) into (109) cannot be allowed. This is

because it destroys the asymmetry between function and argument.

Overlapping Syntactic Categories Potts adopts Geach's

solution to the problem of how propositional negatlon and a
predicate can comblne together and he draws out one of its

consequences as follows:

The effect of (R2) 1s to increase the possibilities of
combination of functorial category symbols, Given a series of
category symbols of the form

1f, 20¥10Y, 3ug2pnt, Lo

if (R1) is our only rule, no symbol 1n the series will do the
work of any other; once (R2) 1s added, any symbol will do the
work of any subsequent symbol in the series, but not
conversely, ("Fregean Grammar", p.5.)

But how are we to understand the notion of an expression
belonglng to one category dolng the work of an expression
belonging to another category? It seems that this has to be
understood as meaning that one and the same lingulstic function -
negation, say - takes as arguments expressions belonging to
cgtegories P, 1PN, 11PNN and also expressions belonging to lots
of other categories, But this clearly vioclates Frege's type
theory, for a fundamental principle of that theory 1s that 1if
expressions X and Y belong to different categorles, then there is

no incomplete expression which has an argument-place that is
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fitting for both X and Y. Given Frege's principles a totality
consisting of, say, proposltions, predicates and relational signs
cannot be coherently formulated. Thus, the introduction of rule
(R2) destroys one of the assumptions on which Frege's hlerarchy
is buillt, namely, that one and the same expression cannot belong
to more than one syntactic category.

Another way to establish thils conclusion is to recall that

rule (R2) justifies, for example, the folleowing contraction:

(1PP, 1PN) --> 1PN,

I made use of this in dlscussing the syntactic coherence of
negatlion and a predicate. As mentioned in the previous
Subsection, the notation (108) means that a linguistic function
of category x, when applied to an expression of category y,
ylelds an expression of category z. Hence, the above contraction
should mean that a lingulstic function of category 1PP yilelds
values of category 1PN when applied to arguments of category 1PN,
but this 1s precisely what expressions of category 11PN1PN do.
So, rule (R2) has the consequence that expressions of category
1PP also belong to category 11PNI1PN and thls violates Frege's

type theory,.<28>

t let lysls 1s The principle of

syntactic completion analysis 1s a powerful tool in determining

<28> Another way of looking at what rule (R2) does 1s to see it
as conflating functional application with functional
composition.




220
the categorles of various expressions and phrases in a language,
but it does not hold in a categorial grammar that contains
Geach's recursive rule (R2).
The structure of the proposition ‘Socrates (does not snore)!
is ((1PP, 1PN), N), but let us = for the sake of argument -
assume that we do not know the category of negation. We thus

have to solve the following "equation":

(110) (x, 1PN) =-=> 1PN,

In a grammar with only rule (R1) x has to be 11PN1PN, but in a
grammar with both (R1) and (R2) x might be elther 1PP or 11PN1PN
and thls 1s inconsistent with the principle of syntactic
completion analysis.

Thils criticism can be generalised. I showed above how the

contraction (D1) can be derived:

(D1) (iIxy, 1yz) =-=> ixz,

Substituting '1xz' for 'x' and '1yz' for 'y' in (R1) gives us

another derived contraction schema:

(D2) (11xz1yz, 1yz) ==> 1xz.

Let us assume that we have ascertalined the followlng three facts:

(a) 'alpha beta' belongs to the category 1xz; (b) 'beta' belongs

to the category 1yz; and (c) 'beta' is the argument of 'alpha
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beta', Then, 1f our categorial grammar contains (R2) - and hence
(D1) = it is impossible to conclusively ascertain the category of
‘alpha', It could be either 1xy or 1ixzilyz,

(R3) also destroys the universal validity of syntactic
completion analysls., Let us assume that we have established the
following three facts: (a) 'gamma delta' belongs to category
1P1PN; (b) *delta' belongs to category 1PP; and (c¢) 'delta' 1s
the argument of 'gamma delta'. Then, 'gamma delta' can have

elther of the followlng structures:

(111) (1P1PN, 1PP),

(112) (11P1PN1PP, 1PP).

Both of these contract to 1P1PN, (111) requires (R3), whereas
(112) Jjust requires (R1). And this eriticism can obviously be
generalised,

The loss of syntactic completion analysis would greatly impair
the value of a categorial grammar, Thils 1s because of the
methodological principles underlying the way in which categorial
grammarians extend the categorisatlon of the expressions of a
language., Typically, they begin from proper names, propositions
and predicates, Then, they try to include other expressions in
the lexlicon they are building up by looking at how they combine
wlth expresslons of known category. So, 1f they are interested
in adverbs, such as 'slowly', they would look at sentences like
'Jack drives slowly', After ascertalning 1lts organisation, they

would use syntactic completion analysis to tell them the category
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of 'slowly', And thils method would be extended to more types of
expression and inereasingly complex sentences, Without syntactic
completion analysis, thils would not produce determinate

categorlsations,

Multiple Normal Forms Consider the contraction:

(113) (1PP, P) ~=> P,

This 1s a simple substitution instance of (R1). It can be used

in the following way:

(114) (1PP, 1PN) ==> 1PN R2 113
(115) (1PN, 1PP) ==> 1PN switch 114
(116) (1PN, 11PPP) -=> 11PNP R2 115
(117) (11PPP, 1PN) =-> 11PNP switeh 116
(118) (11PPP, 11PNN) --> 111PNPN R2 117,

But it can also be used 1In a different way:

(119) (P, 1PP) ==> P switeh 113
(120) (P, 11PPP) -=> 1PP R2 119
(121) (11PPP, P) ==> 1PP switch 120
(122) (11PPP, 1PN) =-=> 11PPN R2 121
(123) (11PPP, 11PNN) --> 111PPNN R2 122,

The right hand sides of both (118) and (123) are in normal form,

but they are distinct. This, therefore, shows that one and the
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same structure, namely, the right hand side of (113), has at

least two distinet normal forms,

Conclusion

In this Chapter I looked at the attempt made by Geach and Potts
to apply Frege's vlews about the way in which the propositions of
the Begriffsschrift are formed to natural language., In doing
this they come across combination problems. Such problems do not
oceur in a formalised language. Geach and Potts solve these
problems by adding extra syntactic rules, The most serious
critlcism of the rules they add is that they destroy the
partition of the expresslons of natural language into discrete
non-overlapping syntactic categorles, In effect, these rules
create trans-categorlial operators and such operators cannot be
accounted for 1n a Fregean language,

In Chapter 3 I discussed other kinds of trans-categorial
operators and I showed how they could be accommodated in a
language whilch treated expressions like 'the concept horse' as
genulne complete expresslons. This suggests that it might be
possible to solve combination problems in a similar sort of
language. The way in which thils can be done is the toplc of the

next Chapter,
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Chapter 6: Combinatory Grammar

Introduction

In this‘Chapter I give a brief introduction to the main 1ldeas of
combinétory grammar, This 1s based on that branch of illatlve
combinatory logic known as the theory of functionality.<1> I then
solve allrthe combihation problems discussed 1n the previous
Chapter in the framework of such a grammar.

Because of the unfamillarity of combinatory logic I have
declded to provide an impressionistic account of some of 1ts
fundamental cdncepts. I have done this in the idioms of informal
mathematics and I am well aware that many Fregean criticlsms
could be made of 1t, It is ﬁot essential to my argument and
readers who want a Fregean account of combilnatory loglc are
spfongly advised to skip thils informal account, which is

contained in the next Sectlon.

<1> Whereas pure comblnatory loglc Just investigates the
properties of combinators, the varlous systems of illative
comblnatory loglc contain extra primltives which correspond
to such logical notions as implication, generality and
functionality.
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A Plea for Combinatory Logilc

Pure combinatory logle is that branch of mathematical logic
concerned with investigating the properties of combinators,

These are very general functions which are implicitly made use of
in many branches of mathematics and even 1n some elementary
mathematics, A very simple example 1s functional composition,
This 1s often represented in mathematical books by means of a
small circle written as an infix operator between the expressions
for its two functional operands, It is defined in the following

way:

(f o g)(x) = £lglx)).

In combinatory loglc functional composition 1s represented by the
capltal letter 25’, which 1s written as a prefix operator before
the expressions for lts functlonal arguments, Its fundamental

property is:

It 1s necessary at thls stage to mention some of the

assumptions and notational conventions of combinatory logic,
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It only deals wlth one-place functlons, but as functions are
allowed to be both the arguments and values of other functlons it
1s possible to "simulate" a function of type (J * J) ==> J, say,
by one of type J ==> (J ==> J), Concerning notation, in
comblnatory loglc all functlonal signs are prefix operators and
juxtaposition represents functional application, Brackets are
used to distinguish between ((a b) ¢) and (a (b ¢)), for example,
In order to avold having tc write lots of brackets they can be
left out on the assumption that they assoclate to the left., That
1s to say, (a b ¢ d) 1s the same as (((a b) ¢) d).

I wlll now introduce some more combinators. This can be done
convenlently by analyslng a suiltable plece of mathematical

discourse, I shall conslder the proposition:

(1) _g_(16x) = 16.
dx

Differentlatlon 1s here understood as belng a higher-level
functlon whose arguments and values are both functlons from real
numbers to real numbers, The first thing to note about (1) 1s
that it looks as 1f the right hand side (RHS) 1s just a number,
but mathematicians would construe the RHS of (1) as that functilon
which for any real number taken as argument has the value 16, In
informal mathematles there 1s no notational difference between
the representation of thls function and that of the number 16.
Menger, in hls interesting article "On Varilables in Mathematles
and in Natural Sclence", uses the combination of symbols 'lg; to

stand for that function which for any real number taken as



227
argument has the value 16, In combilnatory logic there is a
combinator E’which makes the function ;g:out of the number 16,
That 1s to say, the combinator‘E takes a real number, say 16, as
its argument and returns as its value that functlon which for any
real number taken as argument has the value 16. Thus, gg 16 7)
is 16 and (XK 16 11) 1s 16 and (K 16 17) is 16. So, it is easy to

see that the combinator E’has the following fundamental property:

In informal mathematlcs the argument of the differential
operator in (1) would be sald to be 16x, This is because it is
conventional in Informal mathematics to name a function after 1its
value for the indeterminate x,<2> 16x 1s understood as being that
function whlch for any glven number taken as argument returns 16
times that number, Juxtaposing symbols has many meanlngs in
mathematics and here 1t represents multiplication,

Multiplicatlon 1s a two-place function whlch returns the product
of 1ts arguments, but here 1t looks as if 1ts value 1s a function
from reals to reals. Moreover, the arguments to the
multiplication here are both functions and not numbers., Let us
use the symbol 'M1' to represent thls function. Now we have to

Investigate what 1lts two arguments are,

<2> There are loglcal scruples agalnst saying thls without
qualificatlon and in Chapter 1 I pointed out Frege's
objectlons to such ordlnary mathematical dilscourse, For the
time belng I shall couch my dilscussion in the terms of
informal mathematics rather than translating everythling into
Fregean terminology.
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'16' represents the function gg 16 x) and 'x' represents the
identity function, which returns 1its argument unchanged, In
comblnatory logle thils 1s called the combinator‘s and 1ts

fundamental property is:
(3)Ia=a-
~

Summarlsing, the notation '16x' represents the combination by
means of M1 of the two functions {5 16 x) and (I x). M1 is
closely related to multiplication. Let us write 'M' for
multiplication, If we think about what the functlon M1 does, we

see that the following equivalence holds:

() M (K 16 x) (I x) = M1 (K 16) I x,
So, 16x 1s more appropriately expressed as (M1 (K 16) I x).
There 1s a combinator é, which makes M1 out of M, 1Its
fundamental property 1is:

(5)§;abcd=a(bd) (¢ d).

Putting all this together we have instead of (1) the logically

preferable (from the point of view of combinatory logic):

(6) d (¥ M (K 16) I x) = K 16.
dx ¥ > ~ ~

Variables-binding operators can be ellminated in comblnatory
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logle, In (6) we see that the varilable 'x' bound by the
differentlial operator 1s at the extreme right of the expression
for the argument of the differential operator on the LHS of the
equation. I wlll later show that in combinatory loglic 1t is
always possible to move varlables to thils position and to
coalesce multiple occurrences of the same varlable, So, we can
replace the usual differentlal operator by Arbogast's symbol for
differentiation 'D' and we can leave off the rightmost varilable

'x' on the LHS of the equatlon, gilving:
(7) D ($ M (K 16) I) = K 16,

There are a number of other useful combinators, but here I
wlll only introduce one more, To justify the combinator‘E let us
conslder the connectlon between the multipllcation function M and
the square functlon, which I shall denote by 'Q' for the time

belng. These are related as follows:
(8) Qa=Ma a,

}[is the combinator that makes Q out of M and its fundamental

property is
(9) Wab=abhb,
Ar

Thus, we have that Q 1is (y M).
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The Foundations of Combilnatory Logilc

The language of combinatory loglec 1s particularly easy to
descrlbe, because it contalns no varlables whatsoever., Given a
set ATM of constants, the set CMB of all the terms of the
language 1s the smallest set satisfylng the followlng two

condltlons:

(1) Every member of ATM is a member of CMB,

(11) If X and Y are members of CMB, then so is " (X ).

The set ATM 1s assumed to contaln symbols for all the basic
combinators, so all of the following belong to 1t: 'S*', 'K',

B L W gt § and
~ Y

The entitles that comblnatory logic deals with are known as
obs. There 1s a single class of these and all the combinators
are in it, In Fregean terms, the obs are complete entities,
There 1s only a single way of maklng obs out of obs and that is
application, If X and Y are obs, then so is (X Y). In Fregean
terms, applicatlon 1s an incomplete entity, It is that
unsaturated function which makes an ob (X Y) out of the two obs X
and Y. So, it could be represented as (§ S). Quite clearly
application 1s not itself an ob, Brackets can be left out on the
assumption that they associate to the left, so (a b ¢ d) 1s the
samie as (((a b) ¢) d). The outermost palr of brackets can also
be omitted.

Curry coined the word 'ob' in order to be completely
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noncommlttal about the nature of the objects that combilnatory
logic deals with,<3> It 1s possible to interpret obs in a number
of different ways, but as my Interests are to do with language,
most of tée obs I shall conslder will be lingulstic expressions,

The 1lntuitive understanding of appllication 1s as functional
appllcation, but every ob can appear both in the function-place
and the argument-place of an applicatlon., Indeed, it 1s possible
for the same ob X, say, to appear both as function and as
argument 1n a single application: (X X). The fact that every ob
can be the argument of every other ob and that every ob can occur
both in function-place and argument-place of an application 1s
the reason why models for combinatory logic are such complicated
mathematical structures.<i>

At this'stage I need to say something about my use of the word
'function'., In comblnatory loglc the only unsaturated entity
used in the construction of obs 1s application., Hence, in
Fregean terms, thls 1s the only functlon lnvolved, but I have
been referring to certaln obs as functlons as well. Clearly,
this is a different use of the word from that which I have used
in talklng about Frege's views, since - for hlm - functlons are
unsaturated entities, No confusion should arlse, however, since
the context will make it clear which meaning the word should

have. In Fregean terms, these saturated functions are the

<3> "The Elimination of Varlables by Regular Combinators", p.128,

<4> Barendregt's The Lambda Calculus and Stoy's Denotational
Semantles contaln discussions of the nature of such models.
Stoy's method - making use of lattices rather than complete
partial orders - 1s consldered old-fashloned nowadays,
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objects whilch 'go proxy for' Frege's unsaturated functions and
concepts (and which I discussed in Chapter 3),

Two of the most lmportant ideas 1In combinatory loglec are those
of reductlon and conversion. Both of these are two-place
relations between obs, Before defining them preclsely I need to
say a few things about relatlons over obs 1n general, I make use

of the following properties of relations:

(R) a R a,

(S) If a R b, then b R a,

(T) If a Rband b R ¢, then a R ¢,
(M) If a R b, then (¢ a) R (¢ b),

(N) If a R b, then (a c¢) R (b ¢).

If a relation R has the property (R), 1t 1s said to be peflexive
and if it has the property (S) it is symmetric. If it has (T) it
is transitive, if (M) 1t is right monotonic and if (N) it is left
onotonic.

If Q 1s a given relation, then the monotone guasi-ordering
generated by Q 1s the relatlon R such that 1f b Q e, then b R ¢
and also R has the properties (R), (T), (M) and (N).

Furthermore, the monotone equlvalence generated by Q 1s the
relation R such that 1f b Q ¢, then b R ¢ and also R has the

properties (R), (S), (T), (M) and (N).<5>

<5> For further detalls see Curry and Feys, Comblnatorv logilc,

pp.59ff, and Barendregt, The Lambda Calculus, pp.50ff, and
150-151, Thelr presentatlons are more formal and rilgorous

than mine,
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These have the followlng reduction properties:
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a --> a,

ab =-->abb,
abeca==>ach,
bed-=>a (bd (cd,

abecd==>a(be) (b d).
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Outline of a Combilnatory Grammar

It would be a very large task to construct a combinatory grammar
for a non-trivial subset of natural language, but my goal in the
next Sectlon is just to show how combinatory ideas can be used to
solve comblnation problems, So, in this Secticn I will just gilve
enough information about such a grammar to make those solutions

comprehenslble, In what follows the set ATM willl consist of all
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the names of the combilnators that I have lntroduced together with
names for all the expressions I mention, Thus, for example,
'"snores"' and '"Jack"' are members of ATM., The set of simple
obs 1s the set of all those things that these names name, So,

the following are examples of obs: B, K, 'snores' and 'Jack’.
A A

e mponent A comblnatory grammar conslsts of two
parts, These are the base component and the transformational
component, The base component conslsts of a lexicon and a single |
rule schema. The lexlcon consists of a set of propositions, each
of which 1s of the form X: x, where X 1s either an expression or
a comblnator and x is its functlonal character, The term
'functional character' has roughly the same meaning here as it
did in Chapter 3, These functlonal characters "correspond" to
the syntactic categories of unsaturated expresslons and when
there 1s no danger of confusion I will also call the functional
character of a complete expression lts syntactlc category.
Furthermore, rather than introducing yet another notation, I
shall say that 'snores', for example, has the functional

character 1PN and write thils as:
'snores': 1PN,
Used in thls way the notatlon '1PN' corresponds to the 'N ==> P! i

of Chapter 3, rather than to the 'N ==> P' of Chapter 1 (and

simllarly for other category names). 1 think that there 1s

little danger of confusion, since I have stated several times

that there 1s only a single unsaturated expression in combinatory
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The proposition 'ﬁ: 11xyx', for example, means that E belongs to
every syntactlc category whose name can be obtalned from 'i1ixyx'
by substituting category names for 'x' and 'y'.<&>
The rule 1n a comblnatory grammar corresponding to the baslc
multiplying-out rule 1n a system of categorlal grammar 1s the

rule of E-elimination,<7> which 1is:

(Fe) If X: 1xy and Y: y, then (X Y): x.

An application of rule (Fe) 1s known as an F=inference and 1t can

be written as:

X Ixy Y: ¥y

(X Y): x.

The premlse on the left (that is, X: 1xy) 1s the major premise
and the one on the right (that 1s, Y: y) 1s the minor premise. A
deduction all of whose inferences are F-inferences 1s called an
F-deductlon. When such a deduction 1s arranged as a genealogical
tree, thls 1s done in such a way that the major premise of each

constltuent F-inference is always on the left (as in the

<6> Clearly, 1f I was trylng to devise a proper combinatory
grammar for English, then I would have to include more
Information in the lexlcon about each expression in it,

<7> The reason why 1t is called F-elimination is that what I
write as 'ixy' Curry writes as 'Fyx', Note that the order of
'x' and 'y' 1s different in the two notatilons,
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dlagram) ,<8>
If L 1s a lexlcon, that 1s to say, a set of propositions of
the form X: x, then a proposition Y: y 1s sald to be an F-
consequence of L 1f it 1s the concluslon of an_g—deduction all of
whose premises are In L, We also say that Y: y 1s F-deducible

from L and this can be written as:<9>

L - Y: vy,

An ob Z 1s syntactically coherent 1f a propositlion of the form

Z: z can be derlved from the lexlecon, for some z, And those obs
whlch belong to the category P are the combinatorv deep

structures of language.

As an example of these ldeas I shall show how the deep

structure of the sentence

(10) Joseph drinks and Joseph smokes,

can be derived., Rather than writing F-deductlons as genealoglcal

trees, however, I will write them in a linear fashlon,

<8> This account of F-deductions 1s based on the discusslon in

Curry and Feys, Combinatory Loglec, pp.280-281,

<9> The use of the turnstile symbol '}-' here 1s deliberate,
because the similarity between grdeductions and natural
deduction tree-proofs lnvolving only lmplication can be shown
to be a formal analogy. See Appendix 3 for detalls,
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(16) € : 1111PNIPN1PN11PPP lexicon
(17) ‘'and': 11PPP lexicon
(18) & 'and': 111PNIPN1EN Fe 16 17
(19) 'drinks': 1PN lexicon
(20) i ‘and' 'drinks': 11PN1PN Fe 18 19
(21) 'smokes': 1PN lexicon
(22) g 'and' 'drinks' 'smokes': 1PN Fe 20 21
(23) 'Joseph': N lexicon
(24) %}‘and’ 'drinks' 'smokes' 'Joseph': P Fe 22 23,

The ob in (2U4) 1s the deep structure of
(25) Joseph drinks and smokes,

Intultlively, one thinks that thls must be related to the ob in

(15) and there is, in fact, a connectlon. They are convertible:

(26) 'and' ('drinks' ‘Joseph') ('smokes' 'Joseph')
= § 'and' 'drinks' 'smokes' 'Joseph',
A
In fact, it 1s generally true that if two obs X and Y are
convertible and X has the functional character x, then Y also has

the functional character x.<10>

Th ma m en What I have described so far

1s the base component of a combinatory grammar, From the lexicon

<10> See Curry and Feys, Combinatory Losie, pp.279ff.
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