Austerity in MCMC Land: Cutting the Metropolis-Hastings Budget

A. Distribution of the test statistic

In the sequential test, we first compute the test statistic from
a mini-batch of size m. If a decision cannot be made with
this statistic, we keep increasing the mini-batch size by m
datapoints until we reach a decision. This procedure is
guaranteed to terminate as explained in Section 4.

The parameter € controls the probability of making an er-
ror in a single test and not the complete sequential test.
As the statistics across multiple tests are correlated with
each other, we should first obtain the joint distribution of
these statistics in order to estimate the error of the com-
plete sequential test. Let l_j and s; ; be the sample mean and
standard deviation respectively, computed using the first j
mini-batches. Notice that when the size of a mini-batch is
large enough, e.g. m > 100, the central limit theorem ap-
plies, and also s; ; is an accurate estimate of the population
standard deviation. Additionally, since the degrees of free-
dom is high, the t-statistic in Eqn. 5 reduces to a z-statistic.
Therefore, it is reasonable to make the following assump-
tions:

Assumption 1. The joint distribution of the sequence
(I1,12,...) follows a multivariate normal distribution.

Assumption 2. s; = o;, where o7 = std({l;})

Fig. 7 shows that when u = p the empirical marginal
distribution of ¢; (or z;) is well fitted by both a standard
student-t and a standard normal distribution.

Under these assumptions, we state and prove the following

proposition about the joint distribution of the z-statistic z =

def

(21,22,...), where 2; = (I; — po) /oy ~ t;, from different

tests.

Proposition 2. Given Assumption 1 and 2, the sequence z
follows a Gaussian random walk process:

P(zjlz1, - z-1) = N(mj(z-1),02 ;) (9)
where
Ty — Tj—1 1
mi(zj_1) = s
i(zj-1) /ltdl_wj_1 o0
+ z2j—1 (10)
2 T — i1
L Rl e (1)
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with flstq = (u=po)VN-1 being the standardized mean,

o
and m; = jm/N the proportion of data in the first j mini-
batches.

Proof of Proposition 2. Denote by x; the average of m I’s
in the j-th mini-batch. Taking into account the fact that

the [’s are drawn without replacement, we can compute the
mean and covariance of the x;’s as:

Elz;] = p (12)
Oi ( _ m—l) i=j

Cov(z;,x;) = m o? N-1 ’ (13)
N1 17

It is trivial to derive the expression for the mean. For the
covariance, we first derive the covariance matrix of single
data points as

Cov(lg, lrr) = Ep pr [lelir] — Eg[lx]Ep [lx/]
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Now, as x; can be written as a linear combination of the
elements in j-th mini-batch as z; = £17'1;, the expression
for covariance in Eqn. 13 follows immediately from:

Cov(z;, xj) = Elzz;| —Elz;|E[z;] = %1TCOV(lil?)1
15)

According to Assumption 1, the joint distribution of z;’s
is Gaussian because z; is a linear combination of l_j’s. Itis
however easier to derive the mean and covariance matrix of
z;’s by considering the vector z as a linear function of x:
z = Q(x — ppl) with

dy 1
do 1 1
Q= N R (16)
d; 1 1 1
where
N -1
dj = ————= (17)

. N—jm
JOxr] 5m—

The mean and covariance can be computed as E[z] =
Q1(p — po) and Cov(z) = QCov(x)QT and the condi-
tional distribution P(z;|z1,...,2;—1) follows straightfor-
wardly. We conclude the proof by plugging the definition
of jistq and 7; into the distribution. O
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Figure 7. Empirical distribution (blue bars) of the t-statistic under resampling n datapoints without replacement from a dataset composed
of digits 7 and 9 from the MNIST dataset (total N = 12214 points, mean of [’s is removed). Also shown are a standard normal (green
dashed) and a student-t distribution with n — 1 degrees of freedom (red solid).
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Figure 8. An example of the random walk followed by z with
psta > 0.

Fig. 8 shows the mean and 95% confidence interval of the
random walk as a function of ! with a few realizations of
the z sequence. Notice that as the proportion of observed
data !'; approaches 1, the mean of z; approaches infinity
with a constant variance of 1. This is consistent with the
fact that when we observe all the data, we will always make
a correct decision.

It is also worth noting that given the standardized mean
Hsta and !, the process is independent of the actual size
of a mini-batch m, population size N, or the variance of I’s
" |2 Thus, Eqns. 10 and 11 apply even if we use a differ-
ent size for each mini-batch. This formulation allows us to
study general properties of the sequential test, independent
of any particular dataset.

Applying the individual tests #! $! |z|! ! (1" 9 &'

G at the j -th mini-batch corresponds to thresholding the ab-
solute value of z; at!; with a bound G as shown in Fig. 9.
Instead of m and § we willuse ! 1 = m/N and G as the
parameters of the sequential test in the supplementary. The
probability of incorrectly deciding ) < o when U # o
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Figure 9. Sequential test with 3 mini-batches. Red dashed line is
the bound G.

over the whole sequential test is computed as:

1J

E(Msw.!1,G) = .
i=1

P(zi <" G,|zi|$ G, %<])

(18)
where J = &1/!¢' is the maximum number of tests. Sim-
ilarly the probability of incorrectly deciding U # Mo when
M < WU g can be computed similarly by replacingz; < " G
with z; > G in Eqn. 18. We can also compute the expected
proportion of data that will be used in the sequential test as:

b(ustdr! 11G) = EZ[!j!]
13

= 'iP(z1>G, |zi]|$ G, %<]) (19)
j=1

where j' denotes the time when the sequential test termi-
nates. Eqn. 18 and 19 can be efficiently approximated
together using a dynamic programming algorithm by dis-
cretizing the value of z; between [" G, G]. The time com-
plexity of this algorithm is O(L2J) where L is the number
of discretized values.
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Figure 10 Average data usageestimated using simulation (blue Figure 11Error! inthe acceptance probability (magenta circle)

cross) and dynamic programming (red line). The worst case scess. exact acceptance probabilRy. Blue crosses are the expected

nario withpsy = 0 is also shown (black dashed line). value of|E| w.r.t. the distribution olu. Black dashed line shows
the upper bound.

the actual error in the acceptance probability as:

The error and data usage as functionagf are maximum ! (L|1(#, #),"(##), ! 1, G)|: Pa, # Pa

in the worst case scenariowhpggg ! 0" ! Ho. In Tl Pa
this case we have: = P (> Ho(u))du # du
1% e,
= Py(1> po(u))du# (1# Pi(1>Ho(u)))du
Pa 0
_ _ L ' e,
EO11.G)= M (Bl 0 G)=@H PG =INI2 0 _ ey poupau# E(u# po(uhdu (21)
Pa 0
E Evors(! 1, G) (20)

Therefore, it is often observed in experiments (see Flg.
for example) that wheR, $ 0.5, a typical value ofisy (U)

is close to 0, and the average value of the absolute gtior
can be large. But due to the cancellation of errors, the ac-

Figs. 1 and10 show respectively that the theoretical value tual acceptance probabilify,,; can approximat&, very
of the error E) and the average data usa@® éstimated ~ Well. Fig. 12shows the approximat, in one step of M-H.
using our dynamic programming algorithm match the sim-This result also suggests that making use of some (approxi-

ulated values. Also, note that both error and data usaggate) knowledge aboptand” | will help us obtain a much
drop off very fast agt moves away fronlo. better estimate of the error than the worst case analysis in
Eqgn.20.

B. Error in One Metropolis-Hastings Step
C. Proof of Theorem1
In the approximate Metropolis-Hasting test, one brst draws

a uniform random variable:, and then conducts the se- C.1. Upper Bound Based on One Step Error

quential test. Ais is a function ofu (andu, "1, both  \ye bt prove a lemma that will be used for the proof of
of which depend ort and# ), E measures the probability Theorem.

that one will make a wrong decision conditionedworOne
might expect that the average error in the accept/reject st
of M-H using sequential test is the expected valug ufr.t. . . . X 0
to the distribution of. But in fact, we can usually achieve the following contraction qondﬁmn \_N'th a constafit %
a signibcantly smaller error than a typical valueeofThis [0, 1) for all probability distributionsP:

is because with a varying, there is some probability that dy (P To, So) & $d, (P, So) (22)
M > U o(u) and also some probability that< p o(u). Part
of the error one will make given a bxedcan be canceled
when we marginalize out the distribution of Following
the depnition ofig(u) for M-H in Egn. 2, we can compute dy(PTo,PT) &! ,' P (23)

e|lpemma 3. Given two transition kernelslp and T;, with
espective stationary distributionSy andS, , if Ty satispPes

and the one step error betwe&pnandT, is upper bounded
uniformly with a constant > 0 as:
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Figure 12 Approximate acceptance probability vs. true accep-

tance probability.

then the distance betwe&j and S, is bounded as:

d\,(So,S!) !

— (24)

Proof. Consider a Markov chain with transition kerrgl
initialized from an arbitrary distributioR . Denote the dis-

tribution aftert steps byP ) £ pT,t. At every time step,
t # 0, we apply the transition kern& onP (), According
to the one step error bound in EQR, the distance between
P (t*) and the distribution obtained by applyifigto P ()

is upper bounded as:

d, (P POTY) = d,(POT,PUT) 1 I (25)
Following the contraction condition dffy in Eqn. 22, the
distance oP (V' Ty from its stationary distributio, is less
thanP (V) as

A (PWTo, So) | (P, Sp) (26)

Now let us use the triangle inequality to combine EBB.

a bnite number of steps. Let us denote the brst time it en-
ters the ball as; . If the initial distribution is already inside
the ball, we simply let, = 0. We then show by induction
thatP () will stay inside the ball for alt # t, .

1. Att=t,, P $ B(Sp, ) holds by the depnition of
tr .

2. AssumeP(®) $ B(So, --) for somet # t,. Then,
following Eqn.27, we have

r+! !

I < —

r r

dy (P spy 1 1l=
r

=% Pt ¢ B(So,!?) (29)

Therefore,P() $ B(Sp, :-) holds for allt # t,. Since
P converges t&;, it follows that:

0(S,So) < &< 17! (30)

Taking the limitr * 1" !, we prove the lemma:
4(5.9) ! 1 (31
O

C.2. Proof of Theorem1

We brst derive an upper bound for the one step error of the
approximate Metropolis-Hastings algorithm, and then use
Lemma3 to prove Theorenl. The transition kernel of the
exact Metropolis-Hastings algorithm can be written as

To(",") = Pa(",")a("!") + (L " Pa("," Nt ("' ")

(32)
where#, is the Dirac delta function. For the approx-
imate algorithm proposed in this paper, we use an ap-
proximate MH test with acceptance probabilfty, (","")

and26to obtain an upper bounded for the distance betweeyhere the errort Py %' P, * Pa, is upper bounded as

P (1) andSy:

dy (P [ s) 1 d, (P POT) + dy (PO Ty, Sp)
L +1d,(PW,Sp) (27)

Letr < 1" ! be any positive constant and consider the

ball B(So, &) &' {P : dy(P,So) < L}. WhenP® is

outside the ball, we have ! rd,(P(®,S). Plugging this
into Eqn.27, we can obtain a contraction condition fof!)
towardsSg:

d (PO Syt (r+ 1)d (P, Sp)  (28)

So if the initial distributionP is outside the ball, the
Markov chain will move monotonically into the ball within

[' Pa] ' ! max Now let us look at the distance between
the distributions generated by one step of the exact kernel
To and the approximate kern&l. For anyP,

!

d" (HIPTHC) " PTo)(™)I

d* (")n dP() Pa(", ") () " # (" ")

Ll OF :

| CdPCY(AC) + Ho (M )Y
!

= ! max . d" ("!)(gQ("!)"' Op ("!)) =2 max

(33)

#
wherego (")) £, dP(")q("'|") is the density that would

be obtained by applying one step of Metropolis-Hastings
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without rejection. So we get an upper bound for the totalcan adopt this more general form in our optimization prob-
variation distance as lem straightforwardly, and the grid search will now be con-
ducted over three parameters, Gy, anda.

QPTLPT)= 5 [ & (O)PT~PTol <" nas (34)
4 E. Reversible Jump MCMC

We give a more detailed description of the different transi-
) . ) tion moves used in experimed13. The update move is the
D. Optimal Sequential Test Design usual MCMC move which involves changing the parame-

It is possible to design optimal tests that minimize thete' vector without changing the mode}. Specibcally,

amount of data used while keeping the error below a giver{'® iandomly p'th an actxe compongnt 7#1 =1 ?nd set
tolerance. ldeally, we want to do this based on atolerancéi = B + n wheren ~ (O'U“p_da“? ). T ?b'rt, move
on the error in the stationary distributish. Unfortunately, ~ nvolves (fork < D) randomly picking an inactive com-

this error depends on the contraction parametenf the ~ PONeny :7; = 0 and setting;; = 1. We also propose a
exact transition kernel, which is difbcult to compute. A €W value for5; ~ N(0, ovinn ). The birth move is paired

more practical choice is a bouridma on the error in the  With @ corresponding death move (fer> 1) which in-

acceptance probability, since the errordnincreases lin-  VOIves randomly picking an active compongnt 5 = 1
early with" max and settingy; = 0. The corresponding; is discarded.

' o The probabilities of picking these movpgy — +') is the
Given" max, We want to minimize the average data usagesame as inChen et al.2011). The value ofu, used in the

@ over the parameteks(or G) and/orm (or ;) of the se-  MH test for different moves is given below.
quential test. Unfortunately, the error is a functioniof 1. Update move:

ando; which depend oM andé', and we cannot afford to
change the test design at every iteration. 1 g [u I ]

Ho = — G
N 1811, ¥

Apply Lemma3with" = " oxand we prove Theorerh

36
One solution is to base the design on the upper bound of the 9
worst case error in Eq20which does not rely opq. But
we have shown in Sectiddithat this is a rather loose bound
and will lead to a very conservative design that wastes the " K ! ‘ , _
power of the sequential test. Therefore, we instead proposié = 1 g [u 181, Py |_> ?k)jg(ﬁ' ||0’ ot )(D k)]
to design the test by bounding the expectation of the error 184 p(v' — 7)Ak
w.r.t. the distributiorP (i, o1). This leads to the following 37)
optimization problem: 2. Death move:

2. Birth move:

1
mlg ]ElJvUI Euﬂ(uy UI:P—O(U),WLG) Ho = ﬁx
SLELo | (001,71, G)| <" max (35 jog |u 111, Py ~ 4 Ak — 1)
181 Vptyt = ) MG 10, obin J(D —k+ 1)
The expectation w.r.uu can be computed accurately using (38)

one dimensional quadrature. For the expectation war.t.

| .
i compute the sortoepomtingnde, for each s WE USeWipiae = 0.01andoyn = 0.1in this exper-
! P P pgndo iment. As mentioned in the main text, both the exact re-

ple, and use them to empirically estimate the expectation. ~ .~ . ) . !
ersible jump algorithm and our approximate version suf-

We can also consider collecting samples periodically an(¥ 2 S i
: . ; : .Ter from local minima. But, when initialized with the same
adapting the sequential design over time. Once we obtain

T . values, we obtain similar results with both algorithms. For
a set of sample$(, o) }, the optimization is carried out : ; . .
; . example, we plot the marginal posterior probability of in-
using grid search.

cluding a feature in the model, i.p(y; = 1|[Xn,Yyn,A) in

We have been using a constant bo@ecross all the indi- Pgurel3.

vidual tests. This is known as the Pocock desigadock

1977. A more Rexible sequential design can be obtaineq:_ Application to Gibbs Sampling

by allowing G to change as a function af (Wang & Tsi-

atis, 1987 proposed a bound sequenGg = Gowj0'5" « The same sequential testing method can be applied to the
wherea € [0.5,1] is a free parameter. When= 0, itre-  Gibbs sampling algorithm for discrete models. We study
duces to the Pocock design, and when 1, it reducesto a model with binary variables in this paper while the ex-
OOBrien-Fleming desig®OBrien & Flemingl979. We  tension to multi-valued variables is also possible. Consider
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. Ground Truth Similar to the Metropolis-Hastings algorithm, given an up-
per bound in the error of the approximate conditional prob-
N ability
£
g ’ Amax=max |P(X; is assigned [k, ;)" P(X; = 1|x, ;)|
T oo | iX _;
§ we can prove the following theorem:
g2 Theorem 4. For a Gibbs sampler with a Dobrushin co-
oot efficient | # [0, 1) (Brémaud, 1999, ©7.6.2), the distance
s i S % % w between the stationary distribution and that of the approx-
eature imate Gibbs sampler S is upper bounded by
I =0.01 A
(S, S) 8
2o
S, Proof. The proof is similar to that of Theoreth We brst
o .
& oo obtain an upper bound for the one step error and then plug
s.. it into Lemmas3.
2o The exact transition kernel of the Gibbs sampler for vari-
1 ableX; can be represented by a maffi; of size2P %62° :
A ,, i [ ) p y o)t
Feature ' _ 0 ifxXij&wyi
Toi(x,y) = P(Y; = yily: i) otherwise (43)
Figure 13 Marginal probability of features to be included in the ) )
model wherel $ i $ N,x,y # {0,1}°. The approximate tran-
sition kernelT, ; can be represented similarly as
running a Gibbs sampler on a probability distribution over _ # 0 ifxi i &V
D binary variable® (X1,...,Xp). At every iteration, it Ti(xy)= Pi(Y = yily: i) otherwise (44)

updates one variabl¢; using the following procedure: ) _ N o
whereP, is the approximate conditional distribution. De-

1. Compute the conditional probability: Pne the approximation errahT;(x,Y) gef Ti(xy)"
P(Xi=1,% i) Toi (X, y). We know thatAT,(x,y) = 0 if yii & X1
POX =1 x, i') — F;(Xli —0x ) and it is upper bounded bfmax from the premise of The-
(39)

P(Xi=1x:i)=
orem4.

wherex; ; denotes the value of all variables other thanNotice that the total variation distance reduces to a half of
thei™ one. thel ; distance for discrete distributions. For any distribu-
2. Drawu ! Uniform[0,1]. If u <P (X; = 1|x, ;) set tion P, the one step error is bounded as
L= i L= 1
Xi =1, otherwise seX; = 0. d(PT.;,PTo,) = E' P, " PToi's

The condition in step 2 is equivalent to checking: "R

1
logu  _ logP(Xi =1,x i) (40) ) , P(X)AT(xy)
log(1" u) logP(X;=0,x ) 3 )
When the joint distribution is expensive to compute but can =1 P(xi,yi i) AP(Xily: i)
pe represented as a product over multiple tef(s{) = 2 y R, {0,1}
' ,’:‘zl fn(X), we can apply our sequential test to speed up 1 " _
the Gibbs sampling algorithm. In this case the variabje $ éAmaX PV =yl
andy is given by Y
1 logu = Amax (45)
Ho= N iog™ u) (41)
N For a Gibbs sampling algorithm, we have the contraction
i = 1 iti 1 .0.2).
"= Ni Iogin(if = (1),x_ f) (42) condition Bremaug 1999 ©7.6.2)
pm n(Xi=0,x14) &(PT,S)$ ndy(P,S) (46)
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Plug! = ! qmaxand! into Lemma3 and we obtain the
conclusion. O

F.1. Experiments on Markov Random Fields

We illustrate the performance of our approximate Gibbs
sampling algorithm on a synthetic Markov Random Field.
The model under consideration has= 100 binary vari- 0.8
ables and they are densely connected by potential func- £
tions of three variable$;;x (Xi, X;,Xk),!i = j = k. g o6 Y 1
There areD (D # 1)(D # 2)/ 6 potential functions in to- g e probability
tal (we assume potential functions with permuted indices g /,/j/ﬁ ——e=0.01
in the argument are the same potential function), and every 5 %4 2 ——£=0.05
. . . . I3 e ad
function has2® = 8 values. The entries in the potential i Pt €=01
function tables are drawn randomly from a log-normal dis-  02- /,/"V €=0.15
tribution, log" ijx (Xi,Xj,Xx) $ N(0,0.02). To draw /// 2 £=0.2
a Gibbs sample for one variabk; we have to compute WV ‘ ‘ &0
(D # 1)(D # 2)/ 2 = 4851 pairs of potential functions as % 0.2 0.4 0.6 0.8 1
| True Conditional Probability
PXi=1|xii) _ itk "k (X =1,%5,Xk)

(47) Figure 14. Empirical conditional probability vs exact conditional
probability for different values of. The dotted black line shows
the result for exact Gibbs sampling.

PXi =0IXi 1)  jujey " ipk (Xi =0,%,Xk)

The approximate methods use a mini-batcheS0ffpairs
of potential functions at a time. We compare the exact
Gibbs sampling algorithm with approximate versions with
#9%¢{0.01,0.05,0.1,0.15,0.2,0.25} .

To measure the performance in approximatfX ) with
samplesx;, the ideal metric would be a distance between
the empirical joint distribution an®. Since it is impossi-
ble to store all th@1® probabilities, we instead repeatedly
drawM = 1600 subsets ob variables{sm}M_; ,sm & 1
{1,...,D},|sm| = 5, and compute the averadg dis- ' ——e=0.01,T = 3429
tance of the joint distribution on these subsets between the { 5| —*—¢=0.05T=3979

empirical distribution andP: £=0.10, T = 4494
" e=0.15T = 4889

1 ) j }
Error = M "P(Xs, ) # P(Xs,)' 1 (48) £=0.20, T = 5507

. S 0.8 ——¢ =0.25, T = 5959
" ° —+—Gibbs, T = 2897

The trueP is estimated by running exact Gibbs chains for = 06
a long time. We show the empirical conditional probabil- 0.4
ity obtained by our approximate algorithms (percentage of
Xi being assigned) for different#in Fig. 14. It tends to 0.2r
underestimate large probabilities and overestimate on the ‘ ‘ ‘
other end. Whe# = 0.01, the observed maximum error is ?00 10" 10 10°
within 0.0L Time (s)

Fig. :_LS ShOWS the error for differentas ‘"?‘ f_unctlon of tth' Figure 15. AverageL; error in the joint distribution over cliques
running time. For sma#, we use fewer mini-batches perit- o 5 variables vs running time for different valuescofThe black
eration and thus generate more samples in the same amoygpk shows the error of Gibbs sampler with an exact acceptance
of time than the exact Gibbs sampler. So the error decaygrobability. T in the legend indicates the number of samples ob-
faster in the beginning. As more samples are collected theined after1 000 seconds.

variance is reduced. We see that these plots converge to-

wards their bias Roor while the exact Gibbs sampler out-

performs all the approximate methods at aro880sec-

onds.



