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Definitions:
An edge-colored graph is properly connected

& For any u,v € V(G), 3 properly colored path joining them

3(G) := min fclcw) | veV(e) |

»

color degree of v; i.e., the number of colors
adjacent to v in G.

Ex. G c
- Note: &(6)> & (G)

o> %)= 2
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In this talk, we consider edge-colored connected graphs.

The proper connection number of G means

pc(G) :=min { ¢ € N : one can make G property connected

by € colors}

Note s IF G is o tree, then O\ O
pc(G) > A(G) O/



Known results:

Th.1 (Magnon‘t ¢ F 2011)

If 3°(G) > |\ge)\ then G is properly connected,

Th.2 ( Borozan et al. 2012)
I5 G is 2-connected, then pc(G) € 3,

Th.3(Huang et al. 201'7)
1§ G is 2-conn. and diam (G)€ 3, then pc(G)s?2,

Th. 4 (Brouse etal. 2017)
I Gis 2-comn. and 3(G)>kal‘2.lc?l_:8} , then pc(e)<2,



Known results:

Th.1 (Magnon‘t ¢ F 2011)

Th.2 (BoroZo.V\ e't OJ 2011)
I+ G is 2- c.om\ecl:ecl then Pe(G) € 3,

is properly connected,

Th.3(Huang et al. 201'7)
1§ G is 2-conn. and diam (G)€ 3, then pc(G)s?2,

Th. 4 (Brause et al. 201(7) s
Cl+
1§ Gis 2-comn. and $(6) > max | .I 20 J,




| feel that the following is a challenging problem.

Pl’.)W\ : Cl'\arQCTeriZQ )-Comn. gro.pks -
3.t pe(G) =3,

Th.S (Brouse et al. 2017)
For every d23, there exists o 2-con. graph G

st. 8(6)=d, 161= 42d ond pclc)=3.
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In this talk, | would like to consider how to make a graph properly connected.

Let G be a monochromatic graph with color 1.

Dedine -
PCopt (G) = Min{ P+¢ | We con moke G properly

connected by recoloring
P edges with q Colors. /

EO\S)v to checl o

-\
PCoPt(KI,m) = 2m-2 PCot‘t(Cy\) = hT_I +1



Plort (kg ,u) = 3+3
PCopt(Cs) = 3+ |




We can find a partition

V(G)- (N NNy )=XoY
St. Xc N() and Yc Ny,

X 3 ond GOX) and GLY) are cl]que.S.

An edge e=xy is gooc{ &

Th.6 (F)

A com. graph G hos pcopt(6) < 2 if ond only i
G contains O %oocl edge..
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Th.T (F)
If (6) <2 then Ppcp (G) €3,

Th.8 (F) Let m2Nnz2 ond m4n 39,
Pe ov\'(Km.v\) = L\- for N=2,3; ond,

Plopt (Kmn) =5 for N34,

Th q (F) Size of o. Mot \Mod'c.king
‘ )

I§ G is o tree, then degpt(G) = |G]-2-o(6)+AlG).

Th.l0(F)

If Gis 2-conn., Pa-free with 16129, then peptlc)< §



Some observations

Prop.1s IF 6 contains a complete bip. graph H s
(i) IG|=|H| ond (i) each partite set contains on edge,

then peopt (G) < 3.

Cor. I3 G is o complete multipartite groph Kn..---,ma
ST 123 ond 2¢m¢-<my , then Pcost (6) € 3,

_I_



Some observations

Q Upper bound on PCopt ( Kmmn ), where muns 2
ond m+n39

Cosels 2€mM <3
e 6 o o o

—|— ’Pco‘p-t (Km.n) < L"
L]

Coase2s N2 Y

PCO‘P't(Km v\)( 5 K6-\ I



Extension
An edge colored graph G is properly k-connected
if for any pair of vertices, there exist k internally disjoint

properly connected paths joining them,

We can consider the following function of a graph.

:Pco‘;t (6):= min{ P+q | we con moke G properly k-conn,

by recoloring P edges with

¢ mew colors



Extension

Def: A mono. conn. graph Gis (p.,q)-feasible
if we can make G properly connected by recoloring
p edges with g new colors.
In particular, let’s call (p,q)-optimal feasible if

P+ = Pt (G)

Remark: If G is (p,q)-feasible, then P = q = pc(G).

Cor.of Th.6 2 G is (1,1)-Feasible ¢ Gis o complete graph

Th.7 (F)
Any groph G st. d(G) €2 is (2,1)-feasible.



Th.8 (F)

For Kmmn with m2nz2 ond m+n =z 9,
it n=92,3, then Kmnis (2.2)-optimal feasible ;
and if Mz}, then Kmn is (3.2)-optimal Fensible.

Th.9 (F)

I+ Gis o tree, then
Gis (n-1-2(6), AG)-1)- optimal Feasible .



