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Forbidding cycles in graphs

A CLASSIC RESULT
An n-vertex cycle-free graph has at most n— 1 edges.
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Forbidding cycles in graphs

A CLASSIC RESULT
An n-vertex cycle-free graph has at most n— 1 edges.

Proof.

@ Easiest proof: see any graph theory textbook.

@ An overcomplicated “proof”:

ex(n, Co) = O(n* k).
Can we generalize these results to k-uniform hypergraphs? \
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How to generalize cycles to hypergraphs?

@ Berge cycle BCZ‘
Vi, €1,V2,€2,*, Vm, €m, V1 VI, Vi, Vi+1 € €.
o Loose cycle LC/f

(Vlv Y Vk)u (Vk)"'u V2k—1)7 Y (V1+(k—1)(€—1)7 Y Vl)

Ny
o Tight cycle TCf

(V17 Ty Vk)7 (V27 Ty Vk+1)7 ) (Vfa ) Vk—l)

NCE >
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Berge cycles and Loose cycles

Berge cycle:

THEOREM (GYORI, LEMONS 2012)

For k > 3,7 >4,

ex(n, BCf) = O(nlJr[(f—ll)/?] ).

Loose cycle:

THEOREM (KOSTOCHKA, MUBAYI, VERSTRAETE 2013)

For k, /¢ > 3,

it 3)(,")
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Previous study of tight cycles

Two most important results:

THEOREM (RODL, RUCINSKI, SZEMEREDI, 2011)

For all v > 0, every sufficiently large k-uniform hypergraph in which
every (k —1)-set of vertices lies in at least (1/2 +~)n edges
contains a tight Hamilton cycle.

THEOREM (ALLEN, BOTTCHER, COOLEY, MYCROFT 2017)

For every ¢ > 0, there exists ng such that for any 0 < a < 1, every
k-uniform hypergraph on n > ng vertices with at least (a + 5)(2)
edges contains a tight cycle of length at least an.

Most of these works focus on the case when the extremal
hypergraph is dense.
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Tight-cycle-free hypergraphs

A k-uniform hypergraph is tight-cycle-free if it does not contain
TCEk for any /> k + 1.

Denote by f,(n) the maximum number of edges in a
tight-cycle-free k-uniform n-vertex hypergraph.

OBSERVATION

(Z:i) < fo(n) = O(n¥).
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Tight-cycle-free hypergraphs

A k-uniform hypergraph is tight-cycle-free if it does not contain
TCEk for any /> k + 1.

Denote by f,(n) the maximum number of edges in a
tight-cycle-free k-uniform n-vertex hypergraph.

OBSERVATION

=1\ k() = o).
(v -1)

Proof. Consider a full-k-star centered at 1.

H={S:1eSc[n]:|S|=k}.
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Forbidding tight cycles of fixed length

QUESTION (CONLON)

Does there exist a constant ¢ > 0 such that
ex(n, TC}) = O(n?*</*) for all ¢ which are divisible by 3?

If true, this would imply f3(n) = O(n?*°M),

PROPOSITION

Q(n*®%) = ex(n, TCZ) = O(n*7®).

@ Lower bound: let |A| =|B| =|C| = n, take Cy-free bipartite
graph G on BUC. Let E(H)={iue:icAec E(H)}.

o Upper bound: TCZ c K23,272.

THEOREM (VERSTRAETE)

ex(n, TCY,) = O(n*%).
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The main result

QUESTION (VERSTRAETE, SOS)
Is it true that for all k > 2,

fi(n) = (”_1)?

k-1

THEOREM (H., MA 2018+)

For every k > 3, there exists a constant ¢ = c(k) >0, such that for
sufficiently large n,

i > @+o7 )

e k=3 c>%.
o k24 C>(o(—:3)).
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An easy counterexample for k =3

CONSTRUCTION FOR k =3

Let n be an odd integer > 7.
o Take astar F={S:1eSc[n],|S|=3}.
@ Remove (n—1)/2 triples of the form (1,2/,2i +1).
o Add n—1 triples (2i,2i +1,2i +2), and (2i,2i +1,2i + 3).

o~
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Kalai's Conjecture

n-1

However, this gives only f3(n) > (”;1) + 0= = (1+ o(1))(”£1).
How can we show f3(n) > (1 + c)(”gl) for positive c?

KALAT'S CONJECTURE
For every integer k and ¢, suppose H is a k-uniform n-vertex
hypergraph not containing TPtf‘, then

e(H) < E_Tl(kil)

o Note that TPS ¢ Ki,, ».

@ Take an (almost) Steiner system S of (k + ¢ — 2)-sets, such
that every (k —1)-tuple appears at most once.

@ Replace each set in S by a copy of K/ﬁzfz- This gives

(") ‘(k+£—2):£—_1( n )

RN
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Improvement of the constant factor (1)

A naive approach:

Take the previous construction H (on say n vertices). For large N,
take an (almost) Steiner system S of n-subsets of [N], with each
pair appearing at most once. Replace each set in S by a copy of H.

The resulted hypergraph G is tight-cycle-free. But

(2)
()

Unless e(H) is already > (1 + c)('z’) this approach would not work.

e(G) ~ e(H).
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Improvement of the constant factor (I1)

Definition. The t-shadow of a hypergraph H, denoted by 9;(H),
is defined as the following:

0t(H)={S:|S|=t,S ce for some ec E(H)}.

LEMMA

Let H be a full-k-star with the vertex set {0} u[n] and the center
0. Let Gy,---, G; be subhypergraphs of H, and F1,:--, F; be
k-uniform hypergraphs on [n]. Suppose

(i) The hypergraphs H; := (H\ G;) U F; are tight-cycle-free.
(i) Ok-1(Fi)nOk-1(Fj) =@ forall1<i<j<t.

Then

e (1006 o(UF)

i=1

is also tight-cycle-free.
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Visualizing the Lemma
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Improvement of the constant factor (1)

Recall that the previous example (when n=7) corresponds to here
n==6, and

F~{(1,2,3),(1,2,4),(3,4,5),(3,4,6),(5,6,1),(6,1,2)}

G~ {(07 1, 2)7 (Oa 374)a (07 5, 6)}
The 2-shadow of F is
02(F) ~ K§
One can pack (1- 0(1))% copies of F in K,, which gives a
2

tight-cycle-free 3-uniform hypergraph H' on n+ 1 vertices and

-1 > 1 -1

(” )+ (1- 0(1))Q.3 S+ iy 0(1))(” )

2 GBI 2

edges.



Construction for general k (1)

LEMMA

Let H be the full k-star, if we

e add new edges eq,---,e; € V(H) \ {0} such that
8k_1(e,-) m?k_l(ej) =g for all i #, and

o delete edges {0} U f; for all 1 </ < t, where f; is any
(k — 1)-subset of ¢,

then the resulting k-uniform hypergraph H' remains tight-cycle-free
and has the same number of edges with the full-k-star.
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~

9
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Construction for general k (Il)

Find F c ([Z]) and G c H, such that
o F={e, -, er}Uey, with e = [k].
o G={{0}ufi}j-1..7 such that fic e and |fi| = k- 1.
® Ok-1(ej) NOk-1(ej) =@ for i >j>1.
@ (H~ G)UF is still tight-cycle-free.

We know that (H~ G) U (F \ g) is tight-cycle-free. So a potential
tight cycle must contain the edge eg.

Take f1,-+, fx to be fi = [k] ~{i}, and ej = fu{k +i}.
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Construction for general k (1l1)

An example: (k =4)

e ={1,2,3,4}
h={2,3,4}, e1={2,3,4,5}
f2={1,3,4}, 62={1,3,4,6}
f3={1,2,4}, 632{].,2,4,7}
f4:{1,2,3}, 642{1,2,3,8}

Observation. A tight cycle must contain 7(1),7(2),7(3),7(4) as
consecutive vertices (7 is a permutation). If it does not contain
any of e; to e4. Then it can only be a TC!;1 with O as the other
vertex. This is not possible by the choice of f;.

Suppose the vertex after 7(4) is t, then t # 0, and
{m(2),7(3),m(4),t} € F,

which means t =7(1) + 4. The five vertices we have so far cannot
form a tight cycle!
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Construction for general k (V)

Now we have
s,m(1),7(2),7(3),7(4), (1) + 4,

Similarly, s # 0, and hence s = w(4) + 4. The only possible tight
cycle is

m(4) +4,7(1),m(2),m(3),m(4),7(1) +4,0.

To destroy them, we remove all the triples
fava ={m(4),7(1) + 4,7(4) + 4},

and add back some €x,o O fxio. One can choose e's carefully to
make sure their 3-shadows are disjoint.
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Construction for general k (V)

The final families: ey = {1,2,3,4}
h={2,3,4}, e ={2,3,45}
fh={1,3,4}, e={1,3,4,6}
f3={1,2,4}, e3={1,2,4,7}
f4={1,2,3}, 642{1,2,3,8}
fs={1,6,5}, e5={1,6,59}
fo={1,7,5}, e=1{1,7,5,10}
f={1,8,5}, er={1,8,511}
fg ={2,5,6}, eg=1{2,5,6,12}
fo={2,7,6}, ey={2,7,6,13}
flO = {2,8,6}, €10 = {2,8,6, ].4}
fi1={3,5,7}, e1={3,5,7,15}
fin=13,6,7}, enn=1{3,6,7,16}
f13 = {3,8,7}, €13 = {3,8,7, 17}
f14 = {4, 5, 8}, €14 = {4, 5, 8, 18}
f15 = {4,6,8}, €15 = {4,6,8, 19}
f16 = {4,7,8}, €16 = {4,7,8,20}



Future research problems (1)

QUESTION

What can we say about ex(n, TC))?

Smallest non-trivial case: TCS.

QUESTION

o Can one show for ¢ divisible by k, ex(n, TC)) is “monotone
decreasing” in £7

@ Or, is it true that for fixed ¢ divisible by k, if £ is sufficiently
large and divisible by k, then ex(n, TC)) > ex(n, TC))?

Hao Huang Forbidding tight cycles in hypergraphs



Future research problems (I1)

KALAT’'S CONJECTURE

For every integer k and ¢, suppose H is a k-uniform n-vertex
hypergraph not containing TPlf‘, then

e(H) < ng(kil)

o Patkds (2012):

n
H
e(H) < Zk J+1<k 1)
o Fiiredi, Jiang, Kostochka, Mubayi, Verstraéte (2017):

< I )

e Fiiredi, Jiang, Kostochka, Mubayi, Verstraéte (2018+):

Kalai's conjecture holds for TP;.

Hao Huang Forbidding tight cycles in hypergraphs



Thank you!
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